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A B S T R ACT 
T h e  p u r p o s e  of t h i s  r e s e a r c h  i s  to d e v e l o p  a 
p r o c e d u r e  t o  in i t i a t e  p r o c e s s  c on t r o l. T r a d i t i ona l 
m e t h o d s  o f  p r o c e s s  c on t r o l  d o  no t a l l o w  t e s t in g  u n t i l  a n  
in i t i a l  g r o u p  o f  s a m p l e s  ( u s u a l l y  20 o r  m o r e ) i s  d r a wn. 
In a d d i t i on, t h e  t e s t in g  f o r  c on t r o l  w i t h  r e s p e c t  t o  t h e  
p r o c e s s  a v e r a g e i s  d e p end en t  on e v i d e n c e  t h a t  t h e  
v a r i ab i l i t y  in t h e  p r o c e s s  i s  s t abl e . 
T h e  p r o c e d u r e s  d e v e l o p e d  an d s t u d i e d h e r e a l l o w  
i m m e d i a t e  t e s t in g  on t h e  p r o c e s s  a v e r a g e  w i t h o u t  a s s u m ing 
t h a t  t h e p r o c e s s  i s  i n  c o n t r o l  w i t h  r e s p e c t  t o  
v a r i ab i l i t y . T h r o u g h  t h e  u s e  o f  a s eq u en t i a l t e s t in g  
p r o c e d u r e, d a t a  f r o m  a c u r r e n t  s a m p l e  i s  t e s t e d  t o  
d e t e r m i n e  i f  i t  in d i c a t e s  t h a t  t h e  p r o c e s s  a v e r a g e  h a s  
s h i f t e d  an d , i f  no t, t h e  e s t i m a t e  o f  t h e  p r o c e s s  m e an i s  
u p d a t e d . 
T w o  s e t s  o f  t e s t  s t a t i s t i c s a r e  c on s i d e r e d  f o r  t h e  
s equentia l p r ocedu re . Both a re modificat i on s  of the 
t r a d i t i ona l t e s t  s t a t i s t i c  u s ed t o  t e s t  t h e e q u a l i t y  o f  
t h e  m e a n s  o f  t w o  ind e p end en t  sa m p l e s .  On e s e t  o f  t e s t  
s t a t i s t i c s  m o d i f i e s  t h e  e s t i m a t e  o f  o2 b y  p o o l ing t h e 
s a m p l e  v a r i a n c e s; t h e  o t h e r  s e t  o f  t e s t  s t a t i s t i c s  u s e s  a 
v e r s i on o f  t h e We l c h  t w i t h  e s t i m a t e d  d e g r e e s  o f  f r e e d o m .  
i i  
i i i  
A n  e m p i r i c a l  s t u dy i s  c o n d u c t e d  t o  e v a l u a t e  t h e  
p r o p o s e d  p r o c e d u r e  u s i n g a l l  v e r s i o n s  o f  t h e  t e s t  
s t a t i s t i c s .  C o m p a r i s o n s  a r e  m a d e  b e t w e e n  t h e  p r o p o s e d  
p r o c e d u r e  a n d  c u r r e n t  p r a c t i c e s .  F i n a l l y ,  e x t e n s i o n o f  
t h i s p r o c e d u r e  t o  e s t i m a t i o n  o f  o t h e r  p a r a m e t e r s  a n d  t o  
a p p l i c a t i o n s  o u t s i d e s t a t i s t i c a l  p r o c e s s  c o n t r o l  a r e  
s u g g e s t e d. 
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C H A P T E R  1 
I NT R O D UCT I O N 
Qu a li t y  c o n t r o l  is  a g r o win g c o n c e r n  f o r  A m e r ic a n  
p r o d u c tio n m a n a g e r s. A p p l yin g s cie n ti fic a n d  s t a tis tic a l 
m e t h o d o l o g y  t o  i m p r ove q u a lit y i s  kn o w n  a s  s t a tis tic a l  
p r o c e s s  c o n t r o l  ( S P C ) .  His t o ric a l l y, t h e  c o n t r o l  c h a r t 
h a s  b e e n  a b a sic t o o l in S PC .  C o n t r o l  c h a r t s  f o r  t h e  
a v e r a g e, X, a n d  f o r  t h e  r a n g e, R ,  a r e  t w o  c o m m o n  m e t h o d s  
f o r  m o ni t o rin g p r o d u c tio n .  X c h a r t s  a s s e s s  w h e t h e r  a 
p r o c e s s  is  " o n  t a r g e t "; R c h a r t s  a s s e s s  w h e t h e r  t h e  a m o u n t  
o f  s p r e a d  in t h e  o b s e r v a tio n s  i s  r e m ainin g c o n sis t e n t l y 
t h e s a m e .  T r a di tio n a l l y, b o t h  m e t h o d s  a s s u m e  t h a t  t h e  
m e a s u r e  o f  in t e r e s t  i s  n o r m a l l y  dis t rib u t e d .  W h e r e a s  X 
c h a r t  m e t h o d s a r e  r e l a tive l y  r o b u s t i f  t h e  m e a s u r e s  a r e  
n o t  r e a l l y  n o r m a l l y  (G a u s sia n )  dis t rib u t e d, in t e r p r e t a tio n 
o f  a n  R c h a r t  c a n  b e  s e r i o u s l y  c o m p r o m i s e d  i f  u s e d  w i t h 
n o n - n o r m a l  d a t a .  
S e t ting � C o n t r o l  C ha r t s  f o r  Ave r age a n d  V a ria bility 
C o n t r o l  c h a r t s  a r e  e s t a b l is h e d  b a s e d  on  t h e  p r e mis e 
t h a t a c e r t ain a m o u n t  o f  va ria bility is in h e r e n t  in a ny 
p r o c e s s .  T h e  o bje c tiv e is t o  dif f e r e n tia t e  b e t w e e n  t h a t  
n a t u r a l  va ria bilit y (c o m m o n c a u s e  v a ria tio n ) a n d  
v a r ia bi lit y p r o d u c e d  b y  s p e cia l c a u s e s .  Co n t r o l  c h a r t s  
1 
f o r  a v e r a g e  an d v a r i ab i l i t y  a r e  u s e d  t o g e t h e r  t o  a s s e s s  
t h e  l o c a t i on and s p r e a d  in t h e  m e a sur e m en t s f r o m  a 
p r o c e s s . Th e m o s t  p o p u l a r  o f  t h e s e  c h a r t s  a r e  X an d R 
c h a r t s . 
T h e  m o d e rn c on t r o l  c h a r t ,  in t r o d u c e d by  W a l t e r  A .  
S h e w h a r t  i n  19 2 4 ,  r e s e mb l e s  t h a t s h o wn i n  F i g u r e  1 .  T h e  
c h a r t  h a s  a c en t r a l  l ine , ·t; an u p p e r  c on t r o l  l i m i t ,  UCL; 
an d a l o w e r  c on t r o l  l i m i t ,  LC L . 
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s i gn a l  
P h a s e  1: 
P h a s e  2:  
In i t i al d a t a  ( f i r s t  k s am ple s) 
Con t in u e d  m on i t o r in g  
F IGU R E  1 .  S a m ple C on t r ol Ch a r t  
In t h e c a s e  o f  X an d R c h a r t s  t h e s e  l ine s a r e  
e s t abl i s h e d  b y  taking k s a m p l e s  ( s ub g r o u p s )  o f  n 
ob s e r v a t i on s  e a c h .  T h e  r ang e an d t h e  m e an o f  e a c h  
sub g r o u p  i s  c a l c u l a t e d .  Ne x t  t h e  a v e r a g e  o f  t h e  s ub g r o u p 
2 
range s and the ave rage o f  the s u bgr o up mean s ar e 
calc ulat ed (R and X). The s e  s e rve as ini tial valu e s  f o r  
the c e n t ral lin e s  o n  the r e spe c tive char t s .  Co n t r ol 
limi t s  f o r  t h e R c ha r t a r e R ± 3aR wh e r e  R- 3&R i s  
e s tima t ed b y  D3R and R + 3 8R i s  e s timat ed b y  D4R. The k 
s u bgr o up range s ar e the n plo t t ed o n  the R char t .  If  the 
pr o c e s s  varia bility can be as s umed t o  be s table (in 
c o n t r ol) , the variability in the individual meas u r eme n t s  
can b e  e s tima t ed f r om the range u sing ax = R/d2 . The 
= 
c o n t r o l limi t s  o n  t h e  X c ha r t c a n  t h e n b e  s e t  a t  X ± 3o­x 
wh e r e  3o;c i s  e s t ima t e d b y  A 2R.  The k s u b g r o u p m e a n s may 
the n b e  plo t t e d o n  the X char t .  The valu e s  f o r  D3, D4, 
d 2 , and A 2 can b e  o b tain ed f r om Table A-1 and depe nd o n  
the sample size and the a s s umptio n that the individual 
meas u r eme n t s  f ollow a n o rmal di s t rib u tio n .  A de rivat io n 
3 
o f  the expr e s sio n s  f o r  D3, D4, and A 2 may b e  f o u nd in Bu r r  
( 1 976). The s e  c o n s tan t s  ar e f u n c tio n s  o f  t he d 2 and d3 
valu e s  calc ula t ed by Pear s o n  ( 193 2). 
In t e r pr e ta tio n £i Co n t r ol Char t s  
If  n o  ·signals o f  in s ta bility ar e f o u nd in the initial 
da ta, the initial limi t s  can b e  u s ed t o  c o n tin u e  
mo nit o ring the pr o c e s s . Each time a sample ( s ubgr o up) i s  
take n , X a n d  R f o r  that sample ar e plo t t ed. A s  lo ng a s  
t h e  poin t plo t t ed falls b e twe e n  the c o n t r ol limits ,  the 
u s e r  o f  t h e c h a r t  w i ll c o n c l u d e  t h a t  t h e  s a m p l e  d a t a  a r e  
c o n s i s t e n t  w i t h  t h e  h y p o t h e s i s  t h a t  t h e  i n d i v i d u al 
m e a s u r e m e n t s  w e r e  d r a w n  f r o m  a n o r m al d i s t r ibu t i o n  w i t h 
: A 
m e a n  a n d  s t a n d a r d  d e v i a t i o n  e s t i m a t e d  b y  X a n d  a x , 
r e s p e c t i v el y . 
F i g u r e  2 illu s t r a t e s  t h e  f o u r p o s s ibl e s t a t e s  o f  t h e  
s y s t e m. I n  c a s e  1 ,  p o i n t s  s h o ul d  r a r ely f all o u t s i d e  t h e  
c o n t r ol li m i t s  f o r  t h e X c h a r t  o r  t h e  R c h a r t .  I n  Ca se  
4 
2 ,  a s h i f t  i n  t h e  m e a n  h a s o c c u r r e d  w h i l e  t h e  v a r i a n c e  h a s 
r e m a i n e d  c o n s t a n t .  A s h i f t  o f  t h i s  n a t u r e  s h o ul d  be 
d e t e c t e d  by  a p o i n t  o u t s i d e  t h e  c o n t r o l l i m i t s  o f  t h e  X 
c h a r t. C a s e  3 d e p i c t s  a c h a n g e  i n  t h e  v a r i a n c e  w i t h n o  
c h a n g e  i n  p r o c e s s  a v e r a g e .  I n  t h i s  s i t u a t i o n ,  t h e  s h i f t  
s h o uld b e  r e c o g n i z e d  by  a s i g n al o n  t h e  r a n g e  c h a r t .  An d 
f i n all y ,  Ca s e  4 r e p r e s e n t s  a s h i f t  i n  b o t h  p r o c e s s  av e r a g e  
a n d p r o c e s s  v a r i ab il i t y. O u t  o f  c o n t r ol s i g n al s  m a y  o c c u r  
o n  e i t h e r  c h a r t .  
T h e  u s e r s h o ul d  r e ali z e  t h a t  t h e  i n f o r m a t i o n  r e c e iv e d 
f r o m  a s a m ple m a y be m i sl e a d i n g .  P o i n t s  c o ul d  f al l  w i t h i n  
t h e  c o n t r ol li m i t s  o f  b o t h  c h a r t s  e v e n  t h o u g h  t h e  p r o c e s s  
m e a n ,  s t a n d a r d  d e v i a t i o n  o r  b o t h  hav e  a c t u all y s h i f t e d 
( C a s e s  2 ,  3, a n d  4 ). An a p p r o x i m a t ion t o  t h e  e x p e c t e d  
n u m b e r o f  s a m p l e s t h a t  m u s t  b e  t a k e n  b e f o r e  a s h i f t  o f  a 
k n o w n  s i z e  c a n  be d e t e c t e d  i s  c o m p u t e d  a s  t h e  e x p e c t e d  
Ca s e  1 :  Pr o c e s s  i n  c o n t r o l 
X - N(JJ, o2) 
Ca s e  2 :  S h i f t  i n  t h e  p r o c e s s  a v e r age 
X - N(JJ+O, o2) 
Ca s e  3 :  S h i f t  i n  t h e  p r o c e s s  v a r i a n c e  
X ,-v N(JJ, (o+8)2) 
Ca s e  4 :  S h i f t  i n  a v e r age a n d  v a rian c e  
x- N(u+o, (o+8)2) 
F I GUR E 2 .  D i s t r i b u t i o n  o f  X 
5 
v a l u e o f  a r a n d o m  v a r i a b l e  t h a t  f o l l o w s  a g e o m e t r i c  
d i s t r i b u t i o n. A f a i l u r e  t o  d e t e c t  a s h i f t  i n  t h e  p r o c e s s  
i s  c a l l e d  a T y p e  I I  e r r o r. O n  t h e  o t h e r  h a n d ,  t h e  p o i n t  
c o u l d  f a l l  o u t s i d e  t h e  c o n t r o l l i m i t s  b y  c h a n c e  a l o n e. 
T h e  u s e r  w o u l d  b e  s e n t  l o o k i n g  f o r  a s p e c i a l  c a u s e  o f  
v a r i a b i l i t y w h e n  n o n e  e x i s t s  (C a s e  1 ) .  T h i s  i s  c a l l e d  a 
T y p e  I e r r o r . 
I n  a d d i t i o n  t o  e x a m i n i n g  t h e  p o s i t i o n  o f  p l o t t e d  
p o i n t s  r e l a t i v e  t o  c o n t r o l  l i m i t s, t i m e - o r d e r e d  d a t a  a r e  
e x a m i n e d  f o r  n o n-r a n d o m  p a t t e r n s. P a t t e r n s  (r u n s  o r  
c l u s t e r s )  c a n  s u g g e s t  a s h i f t  i n  t h e  p r o c e s s  e v e n  i f  a l l  
p o i n t s a r e  i n s i d e  t h e c o n t r o l  l i m i t s. 
6 
A l s o, t h e  m e t h o d  o f  s u b g r o u p i n g  c a n  a f f e c t  t h e 
i n t e r p r e t a t i o n  o f  t h e  c h a r t s. I t  w i l l  b e  a s s u m e d  i n  t h e 
f o l l o w i n g  t h a t  s u b g r o u p s  a r e  f o r m e d  i n  s u c h  a w a y  t h a t  
w i t h i n - g r o u p  v a r i a b i l i t y i s  t h e c o m m o n  c a u s e  v a r i a t i o n 
p r e s e n t  i n  t h e s y s t e m (i n c l u d i n g  m e a s u r e m e n t v a r i a b i l i t y ) .  
T h e o r e t i c a l  I mpl i c a t i o n s  
C o n t r o l  l i m i t s  s h o u l d  b e  s e t  s o  t h a t  t h e p r o b a b i l i t y  
of a T y p e  I e r r o r  f o r  a n y  g i v e n  p o i n t  i s  k n o w n  (a n d  
s m a l l ) . T h e  p r o b a b i l i t y o f  a T y p e  I e r r o r  f o r  a s i n g l e 
p o i n t  o n  a r a n g e  c h a r t - - o r  f o r  a n y  o t h e r  c h a r t u s e d  t o  
t r a c k  v a r i a b i l i t y - - i s  g e n e r a l l y  n o t  k n o w n  b y  u s e r s  o f  
c o n t r o l  c h a r t s. W h e n  t h r e e  s t a n d a r d  d e v i a t i o n  l i m i t s a r e  
7 
s e t  fo r t h e X ch a r t , t h e  p r o b a b i l i t y  of a T y p e  I e r r o r  fo r 
a s i n g l e  p o i n t  i s  t a k e n  t o  b e  0.002 7 .  T o  a r r i v e a t  t h i s  
v a lue , i t  h a s  b e e n  a s sum e d  t h a t  t h e  X' s a r e  n o r m a l l y  
d i s t r i but e d  a n d  t h a t  e n oug h su b g r ou p s w e r e  t a k e n t o  a s su r e  
"g o o d" e s t i m a t e s  of Ux a n d  ax• T h e  C e n t r a l  L i m i t  T h e o r e m  
a s sur e s  u s  t h a t  a s  t h e s a m p l e s ize ( n ) i nc r e a s e s , t h e  
s a m p l i n g· d i s t r i bu t i o n  of X appr o ach e s  t h e  n o r m a l  
d i s t r i bu t i o n  r e g a r d l e s s  of t h e  d i s t r i bu t i o n  of t h e  
i n d i v i dua l m e a su r e m e n t s .  E v e n  w i t h s m a l l  s a m p l e  s iz e s ,  
t h e  d i s t r i b u t i o n  of X w i l l  b e  n e a r l y  n o r m a l  if t h e  
d i s t r i but i o n  of i n d ivi dua l m e a su r e m e n t s  i s  n o t  m a r k e d l y  
n o n - n o r m a l .  Si nce m a n y  d i s t r i but i o n s  e nc oun t e r e d  i n  
i n dus t r i a l  ap p l ica t i o n s  a r e  a p p r ox i m a t e l y  n o r m a l , t h e  X 
c h a r t  i s  co n s i d e r e d  r o bus t t o  i t s  d i s t r i bu t i o n a l  
a s sum p t i o n s . 
T h e  d i s t r i bu t i o n  of t h e  r a n g e  i s  n o n - n o r m a l  e v e n  w h e n  
t h e  i n d i v i dua l m e a su r e m e n t s  a r e  fr o m  a n o r m a l  p o pula t i o n .  
I n  fact , t h e d i s t r i but i o n  of t h e  r a n g e  ca n b e  s h o w n  t o  b e  
s k e w e d  t o  t h e  l ef t  fo r s m a l l  s a m p l e s  f r o m  s o m e  
d i s t r i bu t i o n s  ( n  > 3 fr o m  t h e  un if o r m  d i s t r i b u t i o n) a n d  
s k e w e d  t o  t h e r i g h t  fo r o t h e r  d i s t r i bu t i o n s  ( t h e n o r m a l 
a n d  expone n t i a l ) .  T r a d i t i o n a l l y , co n t r ol l i m i t s fo r t h e  R 
ch a r t  h ave b e e n  s e t  a s  t h ou g h  t h e d i s t r i but i o n  of t h e 
r a n g e  w e r e  s y m m e t r ic. 
By analogy with the sample variance, a preliminary 
idea of the effect of non-normality on the probability of 
a Type I error on charts for variability may be gained. 
If we use s2 = r (x - x)2/(n - 1 ) ,  we have an unbiased 
estimate for a2 no matter how X is distributed. But, the 
variance V(s2) = a4[2/(n - 1 )  + y2/n], depends on 
the standardized kurtosis (y2) of the underlying 
distribution. When the distribution of individual 
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measurements is normal, or assumed normal, y2 
= 0 .  If the 
true distribution is platykurtic, y2 < 0 ,  the normal 
theory estimate for V(s2) will be too large. Such 
.estimates produce three-sigma limits that are too large so 
that fewer than the expected number of s2 values will lie 
outside of those limits. The opposite is true from 
leptokurtic distributions, y2 > 0--the normal theory 
estimate of V(s2) is too small, and more than the expected 
number of s2 values will end up outside the control 
limits. This relationship is shown in Figure 3 where 
E[ V(s2)] is the expected value of the normal theory 
estimate (y
2 
= 0), and V(s2) is the true value of the 
variance of the sampling distribution of s2• 
Unfortunately, the user of charts for variability rarely 
knows the underlying distribution and cannot use the true 
= 6 
2 
n = 2 
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1 0  
Th e e f f e c t  o f  u s i n g  n o r m a l  t h e o r y  l i m i t s  o n  t h e  R a n g e  
C h a r t  i s  a l m o s t  a s  d r a m a t i c .  E v e n  t h o u g h  a g e n e r a l 
e x p r e s s i o n  f o r  t h e v a r i a n c e  o f  t h e r a n g e i s  n o t  e a s i l y 
c o m p r e h e n d e d , e x a m i n a t i o n  o f  a f e w  s p e c i f i c  d i s t r i b u t i o n s  
c a n  a d e q u a t e l y  i l l u s t r a t e  t h e  e f f e c t  o f  d e v i a t i o n s  f r o m  
n o r m a l i t y. F o r  s a m p l e s  d r a w n  f r o m  a u n i f o r m  d i s t r i b u t i o n  
o n  t h e  i n t e r v a l  (a, b ) , t h e  t r u e v a r i a n c e  o f  t h e  r a n g e  c a n  
b e  e x p r e s s e d  a s  
V ( R )  = 2(b - a)
2(n - 1) 
(n + 1 ) 2(n + 2) 
Th e n o rma l t h e o r y  e s t i m a t o r  f o r V( R )  c a n  b e  o b t a i n e d  by 
u s i n g  t h e  k n o w l e d g e  t h a t  t h e u p p e r  c o n t r o l  l i m i t f o r  t h e  R 
c h a r t  i s  s e t  3 aR a b o v e  t h e  c e n t r a l  l i n e .  Th e n  f o r  s a m p l e s  
1\ 
o f  s i z e  2 t h e  r a t i o E[V ( R ) ]/V ( R )  h a s  a v a l u e  o f  1 . 1 4 2 .  
Wi t h  s a m p l e s  o f  s ize 6 t h i s  r a t i o  c l i m b s t o  2 . 2 4 0 .  I n  
o t h e r  w o r d s ,  w h a t  w e  t h o u g h t  w e r e  3 s i g m a  c o n t r o l l i m i t s  
a r e  r e a l ly 4.4 3 s i g m a  c o n t r o l  l i m i t s. A s i m i l a r  
c o m p a r i s o n  c a n  b e  m a d e  i n  t h e  c a s e  o f  t h e  e x p o ne n t i a l  
d i s t r i b u t i o n .  I n  t h i s c a s e  t h e  v a r i a n c e  o f  R c a n b e  
\vr i t t e n  
V ( R )  
For n 
= 
n -rt\ - 1 ) i , - n - 2) 2 )3 - [n - 1 [\ - 1 ) i _ ' n - 2) 1 r] 2 A i = O \ i ( i+ 1  L A i = O \ i ( i+ 1  • 
"" 
= 2 ,  E[V ( R )]/V ( R) = 0 . 5 7 1 ; a n d  for n = 6 ,  th e r a t i o 
d r o p s  t o  0 . 3 9 9 .  Th e r e f o r e ,  f o r  s a m p l e s  o f  s ize 6 f r o m  th e 
exponential distribution, 3 sigma control limits are 
actually only 1 . 8 9  sigma control limits. 
1 1  
Another rarely considered fact is that the number of 
subgroups used to set up the control limits does affect 
the probability that a given point will lie outside the 
limits. As the number of subgroups increases, the 
estimate of the population parameter should improve. 
Based on this knowledge control limits established for a 
given nominal value of Type I error should be closer to 
the true limits when more subgroups are used. 
An Example 
In the manufacture of explosives, one of the quality 
characteristics of interest is moisture content. The 
desired amount of moisture is zero. If X represents the 
moisture content of an item, we can study the distribution 
of X .  When the process is in control the density function 
o f  X could resemble th at sh own i n  Fi gure 4. 
f ( x ) 
-






x = moisture content 
FIGURE 4. Distribution of Moisture Content 
1 2  
\v e m i g h t c 1 ass i f y t hi s d i s t r i but ion as "e x pone n t i a 1-
like." If the usual normal theory approach were used to 
analyze the process, the results could be misleading. For 
the sake of this example, let us assume that moisture 
content follows an exponential distribution with parameter 
1 and that we are observing a process that is in control. 
The effects of using normal theory to analyze data 
collected from this process can be seen in Table 1 .  An 
assumption made to produce the table is that there is no 
sampling variation in the centerline for the R chart. The 
centerline is taken to be E(R), where 
For samples of size 2 to 6 there is no lower control 
limit, and the normal theory upper control limits are 
given by D4E(R). 
If the parent distribution were normal, the true 
single point a value {probability of a Type I error) would 
be approximately 0 . 0 0 5 .  Using n = 5 ,  the moisture content 
data would produce about 1 0  times as many "false signals" 
as would be expected. 
Even though a is the probability that a single point 
will be outside the control limits, it may be more 







T A BL E  1 
E F F E C T S  OF U S I N G N OR M AL T H E O R Y  C O N T R OL LIM I T S  O N  
P ( R  > UCL ) - - E X P O N EN T I AL P A R ENT D I S TR IBUT I O N  
N o r m a l  the o .r y S i n g l e  p o i n t  a 
E ( R )  D 4 U CL P ( R  > U CL )  
1 .00 3 . 2 6 7  3 . 2 6 7  0 .0 3 8 1  
1 . 50 2 . 5 7 5 3 . 8 6 2 5  0.04 1 6  
1 . 8 3  2 . 2 8 2  4 . 1 8 2 9  0 .04 5 1  
2 .0 8 3  2 . 1 1 5  4 . 40 5 5  0.0 4 80 
2 . 2 8 3  2 .004 4 . 5 7 5 1  0 .0 50 5  
1 3  
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c o nta i n  o n e o r  m o r e  p o i nts  o u t s i d e  t h e  c o nt r o l  l i m its . 
Let p be t h e  p r obab i l it y  th a t  a s i n g l e  p o i nt i s  o uts i d e  
t h e  c o ntr o l  l i m its b y  c h a n c e  a l o n e , a n d  l et k b e  t h e  
n u mb e r  o f  p o i n t s , a s s u m e d  t o  b e  i n d e p e n d e n t , o n  t h e  c h a rt.  
T h e n ,  a s s u m i n g  n o  s a m p l i n g  v a r i ab i l i t y  in  t, 1 - ( 1  - p)k 
i s  t h e  p r ob a b i l it y  t h at at l e a s t  o n e  p o i nt w i l l  f a l l  
o uts i d e  t h e  c o ntr o l  l i m i t s. I f  w e  h ave a c h a r t  f o r  
s a m p l e s  o f  s i z e  5 w ith 20 p o i n t s  d r a w n  f r o m a n o r m a l  
p o p u l at i o n ,  th e p r obabi l ity  o f  at l e a st o n e  f a l s e  o u t-o f­
c o ntr o l  s i g n a l  i s  0.095. If t h e  u n d e r l y i n g  p o p u l a t i o n  ha d 
b e e n  e x p o n e nti a l  a n d  t h e s a m e  c h a rt w e r e  u s e d ,  t h e  
p r o b abi l it y  w o u l d  i n c r e a s e  to 0.626. S i n c e  c o ntr o l  l i m its  
a r e  n ot p l a c e d  o n  t h e  X c ha rt u nti l p r o c e s s  v a r i ab i l i t y  
c a n  b e  e st i m ate d {th e  p r o c e s s  i s  i n  c o n t r o l  w ith  r e s p e ct 
t o  va r i ab i l i t y) ,  t h e  c h a n c e s  o f  s ett i n g  u p  c h a r t s  f o r  
c o nti n u e d  s a m p l i n g  a r e  l o w .  W e  n e e d  n e w  w a ys to i n it i ate 
p r o c e s s  c o nt r o l. 
Ov e rv i e w  o f  R e m a i n i ng C h ap t e r s  
I n  t h e  r em a i n i n g  c h a p t e r s  w e  d e a l  w i t h th e 
d�ve l o p m e n t  o f  a n e w  p r o c e d u r e  f o r  i n i t i a t i n g  p r o c e s s 
c o n t r o l .  Th i s  m e t h o d  w o u l d  be  u s e f u l  i n  s i t u a t i o n s  w h e r e  
m o n ito r i n g  i s  r e s u m e d  a fte r a dj u stm e n t s  h ave b e e n  m a d e  a s  
w e l l  a s  w h e r e  S P C  t e c h n i q u e s  a r e  b e i n g  u s e d  f o r  th e f i r s t 
t i me . 
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Si n c e  o n e  o f  t h e  p r i m a r y·r o adb l o c k s  t o  e s t a b l i s h i n g  
b o t h  X a n d R c h a r t s  s e e m s  t o  b e  t h e s e n s i t i v i t y  o f  t h e  
t e s t  f o r  v a r i a b i l i t y ,  t w o  a v e n u e s  o f  s t udy a r e  a v a i l a b l e .  
T h e  m o s t de s i r a b l e  a p p r o a c h  w o u l d b e  t o  de v e l o p  r o b u s t  
t e s t s  f o r  v a r i a b i l i t y .  Ma n y  r e s e a r c h e r s ,  b o t h  i n s i de a nd 
o u t s ide t h e q u a l i t y  c o n t r o l  s e t t i n g ,  h a v e  a t t e m p t ed t o  
d e v e l o p  s u c h  p r o c edu r e s .  T h e i r  w o r k  i s  r e v i e w ed i n  
C h a p t e r  2 .  
A s e c o nd a p p r o a c h  w o u ld b e  t o  d e v e l o p  n e w  m e t h ods f o r  
t h e  i n i t i a l  t e s t i n g  o f  t h e  p r o c e s s  a v e r a g e t h a t  a r e  l e s s  
de p e nde n t  o n  t h e e q u a l i t y  o f  v a r i a n c e s .  Si n c e  t r adi t i o n a l  
t e s t s  o n  m e a n s  h a v e  b e e n  s h o w n  t o  b e  f a i r l y  r o b u s t  t o  
di s t r i b u t i o n a l  a s s u m p t i o n s  a nd s i n c e  w e  c a n  r e l y  o n  t h e 
C e n t r a l  L i m i t  T h e o r e m  ( a t  l e a s t  a s y m p t o t i c a l l y ) , t h i s 
a p p r o a c h  s e e m s  t o  b e  w o r t h  c o n s ide r i n g. C h a p t e r  3 r e v i e w s  
m e t h ods t h a t  h a v e  b e e n  s u g g e s t ed f o r  i n i t i a t i n g c o n t r o l  
c h a r t s  f o r  m e a n s  a n d  t e s t s  f o r  e q u a l i t y  o f  m e a n s  w h e n  
v a r i a n c e s  a r e  n o t  a s s u m ed t o  b e  e q u a l .  
C h a p t e r  4 w i l l  p r e s e n t  a s e q u e n t i a l  p r o c edu r e  f o r  
a s s e s s i n g  p r o c e s s  a v e r a g e .  The m e t h od o f  e v a lu a t i o n  o f  
t h i s  p r o c edu r e  w i l l  a l s o  b e  p r e s e n t ed. 
I n  C h a p t e r  5 ,  t h e  r e s u l t s  o f  a n  e m p i r i c a l  s t udy t o  
e v a l u a t e  t h e  n e w  p r o c edu r e  w i l l  b e  p r e s e n t ed.  T h e  eff e c t  
1 6  
o f  u n e q u a l  v a r i a n c e s  w i l l  b e  e v a l u a t e d .  I n  a d d i t i o n , t h e  
r o b u s t n e s s  o f  t h i s  n e w p r o c e d u r e  w i l l  a l s o  b e  s t u d ied . 
C h a p t e r  6 c o n c l u d e s  w i t h a d i s c u s s i o n  o f  r e l a t e d  
f u t u r e  r e s e a r c h .  Th i s  i n c l u d e s  s u g g e s t i o n s  f o r  e x t e n s i o n s  
o f  t h i s m e t h o d  t o  e s t i m a t i n g  o t h e r  p o p u l a t i o n  p a r a m e t e r s .  
Us e s  f o r  t h i s  p r o c e d u r e  o u t s i d e  t h e  SP C s e t t i n g  w i l l  a l s o  
b e  s u g g e s t e d. 
CHAPTE R 2 
R E V I EW OF  V A R I A N C E  TE S T I N G  
A H i s t o r i c a l  O v e r v i ew £i Appl i c a t i o n s  i n  S PC 
B e c a u s e  i t  i s  s o  s imp l e  t o  c om p u t e  a n d  i n t u i t i v e l y  
e a s y  t o  u n d e r s t a n d , t h e r a n g e  h a s  b e e n  a p o p u l a r  m e a s u r e  
o f  v a r i a b i l i t y  f o r  u s e  i n  q u a l i t y  c o n t r o l  a p p l i c a t i o n s .  
S i n c e  T i p p e t t  ( 1 9 2 5 )  p u b l i s h e d  h i s  t a b l e  o f  t h e  me a n  r a n g e  
i n  r a n d om s amp l e s  f r om a n o rma l p o p u l a t i o n , t h e  r a n g e  h a s  
b e e n  t h e  m o s t  wi d e l y  r e c o g n i ze d mea s u r e  o f  d i s p e r s i o n  f o r  
u s e  i n  t h e  p r o c e s s  c o n t r o l  s e t t i n g .  I t  h a s  b e c ome t h e  
c o r n e r s t o n e  o f  v a r i a n c e  t e s t i n g  m e t h o d s  i n  t h e i n d u s t r i a l  
s e t t i n g . 
A s  e a r l y  a s  1 9 2 8  Pe a r s o n  a n d  A d y a n t h a y a  q u e s t i o n e d  
t h e  u s e  o f  t h e  r a n g e  t o  e s t i m a t e  v a r i a b i l i t y  i n  n o n - n o r m a l  
p o p u l a t i o n s .  C o x  ( 1 9 5 4 )  s t r e s s e d  t h a t  i n  l a r g e  s a mp l e s  
t h e  d i s t r i b u t i o n  o f  t h e  r a n g e  i s  d e t e r mi n e d  b y  t h e  t a i l s  
o f  t h e  p o p u l a t i o n  a n d  t h e r e f o r e  i s  v e r y  s e n s i t i v e t o  n o n ­
n o r m a l i t y .  I n  t h e  c a s e  o f  s m a ll s amp l e s , Pe a r s o n  (19 5 0 )  
c o n c l u d e d  t h a t  t h e  r a t i o  o f  m e a n  r a n g e  t o  p o p u l a t i o n 
s t a n d a r d  d e v i a t i o n  i s  n o t  mu c h  a f f e c t e d  b y  t h e  f o r m  o f  t h e  
p o p u l a t i o n , b u t  t h e  c o e f f i c i e n t  o f  v a r i a t i o n  o f  t h e  r a n g e  
de p e nds o n  t h e f o rm o f  t h e  p a r e n t  d i s t r i b u t i o n .  Da v id 
( 1 9 5 4 )  s t a t e d , w i t h o u t  p r o o f , t h a t  t h e  s t a n d a r d  d e v i a t i o n  
1 7  
o f  th e r a n g e  i s  r o u gh 1 y a f u n c t i o n  o f  /y 2 + 2 .  Th e 
i m p l i c a t i o n s  t o  S P C  a r e  d i r e c t - - e v e n  i n  the p r e s e n c e  o f  
n o n - n o r m a l i t y , th e u s e  o f  R/ d 2 t o  e s t i m a t e  ox m a y  b e  
a p p r o p r i a t e , b u t t h e  c o n t r o l  l i m i t s  o n  the R cha r t  a r e  
s u s p e c t . 
1 8  
B u r r  ( 1 9 6 7 )  a d d r e s s e d  the p r o b l e m  o f  s e t tin g c o n t r o l  
l i m i t s  whe n h e  p u b l i she d m o d i f i e d  c o n t r o l  cha r t  c o n s t a n t s  
f o r  u s e  w i th n o n - n o r m a l  d a t a .  B u r r  c o n c l u d e d  tha t th e 
c h a n g e  i n  c o n s t a n t s  w a s  s o  s m a l l  o v e r  a w i d e  r a n g e  o f  
v a l u e s  f o r  s k e w n e s s  a n d  k u r t o s i s ,  tha t the a b s e n c e  o f  
n o r m a l i ty d i d n o t  ha v e  a m a r k e d  e f f e c t  o n  th e c o n t r o l 
cha r t s .  The e x a m p l e  i n  Ch a p t e r  1 s e e m s  t o  c o n t r a d i c t  th i s  
s t a t e m e n t .  Whe n  B u r r's c o n s t a n t s  w o u l d  b e  u s e d  i s  a l s o 
q u e s t i o n a b l e -- i n  o r d e r  t o  e s t i m a t e  the m e a n  a n d  v a ria n c e  
( f i r s t  a n d  s e c o n d  m o m e n t s )  o f  the p a r e n t  d i s t r ib u t i o n ,  th e 
u s e r  i s  r e q u i r e d  t o  k n o w  the th i r d  a n d  f o u r th m o m e n t s  o f  
tha t d i s t r i b u t i o n .  
E v e n  tho u gh s t a t i s t i c i a n s  a r e  i n  a g r e e m e n t  tha t the 
r a n g e  i s  an i n e f f i c i e n t  e s t i m a t o r  o f  th e v a r i a n c e  i n  l a rge  
s a m p l e s  a n d  the di s t r i b u t i o n  o f  the r a ng e  is  so  de p e nde n t  
o n  th e p o p u l a t i o n , o th e r m e a s u r e s  o f  s p r e a d  ha v e  be e n  
e x t r e m e l y  s l o w  t o  a p p e a r  i n  the q u a l i t y  c o n t r o l  s e t t i n g. 
Du n c a n  ( 1 9 7 4 ) s u g g e s t e d the u s e  o f  s 2 o r  s ,  bu t n o t e d  tha t 
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t h e  t r a d i t i ona l t e s t s  on t h e s e  v a r i a bl e s  a r e  no t r o b u s t  t o  
non-n o r m a l i ty .  
Mo r e  r e c en t ly K and e r  an d Za c k s  ( 1 966) , L o r d en (19 7 1) ,  
an d Po l l a k  (1 9 85) s u g g e s t e d  a p p r o a c h e s  t o  d e t e c t ing 
c h an g e s  in pa r a m e t e r s  of  a d i s t r i b u t i on t h a t  a r e  no t b a s e d  
on t h e c onc e p t  o f  t h e  c ont r o l  c h a r t .  N one o f  t h e s e 
a u t h o r s  ga v e  s p e c i f i c t e s t s  f o r  v a r i a b i l i ty b a s e d  on t h e  
r an g e o r  any o t h e r  m e a s u r e s  o f  d i s p e r s i on .  T h e i r  g ene r a l  
a p p r o a c h  w a s  t o  o b s e r v e  x 1 , x 2 , • • • ind e p end en t r and o m  
v a r i a b l e s  s u c h  t h a t  x 1 , . ,  x m- 1 e a c h  h a d  d i s t r i b u t i on 
f u n c t i o n F0; an d X m , X m+ 1 , • • •  e a c h  h a d  d i s t r i b u t i o n 
f un c t i on F1 , w h e r e  1� m(oo w a s  unkno wn .  T h e  t a s k w a s  t o  
d e t e c t  t h e  s h i f t  f r o m  F0 t o  F 1 a s  s o on a s  p o s s i b l e  a f t e r  
i t s o c c u r r en c e .  K and e r  an d Za c k s  an d L o r d en e m p l oye d a 
Baye s i an a p p r o a c h  a l on g  w i t h a s e q u en t i a l  an a ly s i s  t e s t  
t h a t  r e s e m b l e d  a CUSUM p r o c e d u r e .  P o l l a k  c l a i m e d  t o  s e t  
s t o p p ing r u l e s in a non-B ay e s i an s e t t in g .  E v en i f  t h e s e  
a p p r o a c h e s  a r e  a p p r o p r i a t e  in a p r o c e s s  c on t r o l  s e t t in g , 
w h i c h  t h ey s e e m  t o  b e , t h e i r  m a t h e m a t i c a l  c o m p l exi ty w i l l  
j e o p a r d i z e  t h e  p o s s i b i l i ty o f  t h e i r  i m p l e m e n t a t io n .  
Us ing C on t r o l  C h a r t s  f o r  Va r i anc e T e s t i ng 
I f  t h e r an g e  i s  t h e  c o rne r s t on e  o f  v a r i anc e t e s t ing · 
in t h e  q u a l i ty c on t r o l  s e t t in g , t h e c on t r o l  c h a r t  i t s e l f  
m u s t  b e  c on s i d e r e d t h e  f o und a t i on o f  t e s t in g  in t h e  
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p r o c e s s  c o n t r o l a r e a .  A g e n e r a l  a p p r o a ch to  s e t t i n g u p  
c o n t r o l  cha r t s  w a s  g i v e n  i n  Cha p t e r  1 .  Th i s  p r o c e d u r e  
i n v o l v e d  t a k i n g  k s ub g r o u p s  o f  s i z e n f r o m  a p r o c e s s  t h a t 
w a s a s s u m e d  t o  b e  i n  c o n t r o l a n d  c o m p u t i n g ,  f r o m  the s e  n k  
ob s e r v a t i o n s , v a l u e s  f o r  the c e n t r a l  l i n e  a n d  c o n t r o l  
l i m i t s . I n  o r d e r  t o  u s e  the c o n t r o l  cha r t c o n s t a n t s  A 2 , 
D3, D4, a n d  d 2 , i t  w a s  a s s u m e d tha t k ( the n u mb e r  o f  
s ub g r o u p s )  w a s  l a r g e  a n d  the i n d i v i d ua l  m e a s u r e m e n t s  
f o l l o w e d  a n o r m a l  d i s t r ibu t i o n .  
O n c e  i n i t i a l  cha r t s  a r e  e s t ab l i sh e d , th e t r a d i t i o n a l 
a p p r o a ch t o  c o n t i n u e d  t e s t i n g i s  v e r y  s i m p l e  a n d  
s t r a i gh t f o r w a r d .  Whe n the i n i t i a l  c o n t r o l  l i m i t s a r e  
e s t ab l i she d a n d the r e  i s  n o  i n d i c a t i o n tha t the. p r o c e s s  i s  
o u t  o f  c o n t r o l , e x t e n d the c e n t e r  l i n e  a n d  the c o n t r o l  
l i m i t s .  A s  n e w s a m p l e s  a r e  t a k e n ,  p l o t  the s a m p l e  
s t a t i s t i c  o n  the a p p r o p r i a t e  cha r t ,  obs e r v e  whe the r th e 
p o i n t  i s  i n s i d e  the c o n t r o l  l i m i t s ,  a n d  c o n t i n u e  t o  w a t ch 
f o r  n o n r a n d o m  p a t t e r n s  i n  the p o i n t s . C o n t i n u e t o  p l o t  
p o i n t s  o n  th i s  cha r t  u n t il th e r e  i s  s o m e  i n d i c a t i o n  t h a t 
the p r o c e s s  h a s  sh i f t e d .  
H i l l i e r  ( 1 9 6 7 )  d e r i v e d  c o n t r o l  cha r t  c o n s t a n t s  f o r  
th e r a n g e  c h a r t  w h e n a s m a l l n u m b e r o f  s u b g r o u p s  o f  s ize 5 
* 
w e r e  u s e d . W i th th e u s e  o f  h i s m o d i f i e d  c o n s t a n t s , D3 a n d  
* 
D4, v a l i d  c o n t r o l  l i m i t s  ( th e p r obab i l i t y  o f  a T y p e  I 
• 
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e r r o r  o n  f u t u r e  p o i n t s  i s  th e s t a t e d v a l u e )  c a n  b e  
e s t a b l i sh e d  a f t e r  a s  f e w  a s  t w o s u b g r o u p s .  H e  p o i n t e d  o u t  
tha t th e p o w e r  o f  the t e s t  i n c r e a s e s  a s  m o r e  s u b g r o u p s  a r e  
u s e d .  Fo r th i s r e a s o n ,  h e  s u g g e s t e d u p d a t i n g  c o n t r o l  
l i m i t s  s eve r a l  t i m e s  a s  m o r e  s u b g r o u p s  a r e  o b t a i n e d . F r o m  
the s t a n d p o i n t  o f  e f f o r t  i nvo lv e d  a n d  the p s y cho l o g i c a l  
i m p a c t o n  the w o r k e r s , h e  s u g g e s t e d  tha t the u p d a t i n g  b e  
d o n e a f t e r  5 ,  1 0 ,  2 5 ,  a n d  1 00 s u b g r o u p s .  I n t e r p r e t a t i o n 
o f  th i s  c h a r t  i s  t h e  s a m e  a s  t h a t f o r t h e  t r a d i t i o n a l  
cha r t . 
A d d i t i o n a l  w o r k  ( H i l l i e r ,  1 9 6 9  a n d  Y a n g  a n d  H i l l i e r , 
1 9 7 0 )  e x t e n d e d  th i s  a p p r o a ch t o  ha n d l e  r e t r o s p e c t i v e 
t e s t i n g  a n d  t e s t s b a s e d  o n  the s a m p l e  va r i a n c e  r a th e r  tha n 
th e r a n g e .  R e t r o s p e c t i v e  t e s t i n g  a t t e m p t s  t o  a s s e s s  i f  
th e p r o c e s s  wa s i n  c o n t r o l  whe n the o r i g i n a l  s u b g r o u p s  
w e r e d r a w n .  P r o c e s s  c o n t r o l  the n b e c o m e s  a t w o  s t a g e  
p r o c e d u r e - - s t a g e  1 s e t s  c o n t r o l  l i m i t s  f o r  r e t r o s p e c t i v e l y  
t e s t i n g  whe the r th e p r o c e s s  w a s  i n  c o n t r o l  wh i l e  the 
i n i t i a l  g r o u p s  w e r e d r a w n , a n d  s t a g e  2 s e t s  c o n t r o l  l i m i t s 
f o r  t e s tin g whe the r  th e p r o c e s s  r e m a i n s  i n  c o n t r o l  wh e n  
f u t u r e  s u b g r o u p s  a r e  d r a w n .  D e t e r m i n a t i o n  o f  th e n u m b e r  
o f  s u b g r o u p s  t o  i n c l u d e  i n  s t a g e  1 i s  �a s e d  o n  the n e e d  
f o r  e a r l y  c o n t r o l  a s  w e l l  a s  th e d e s i r e d  p o w e r o f  t h e  
c o n t r o l  l i m i t s  f o r  d e t e c t i n g  a n  o u t  o f  c o n t r o l  p r o c e s s .  
• 
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I f  p o w e r  i s  m o r e i m p o r t a n t  tha n c o m p u t a t i o n a l  e a s e , ch a r t� 
ba s e d  o n  the s a m p l e  v a r i a n c e  o r  s t a n d a r d  d e v i a t i o n  m a y  b e  
u s e d  i n s t e a d  o f  th e R ch a r t .  Mo d i f i e d  c o n t r o l  cha r t  
c o n s t a n t s  f o r  the s e  cha r t s  a r e  d e r i v e d  i n  the 1 9 7 0  p a p e r .  
Va r i a n c e T e s t i ng i n  � G e n e r a l  S e t t i ng 
Te st s f o r  v a r i a b i l i t y  a r e  n o t  u n i q u e  t o  S P C .  Un t i l  
r e c e n t l y  t e ch n i q u e s  d e v e l o p e d  f o r  u s e  i n  the p r o c e s s  
c o n t r o l  s e t t i n g  e m pha s i z e d  e a s y  i n t e r p r e t a t i o n  a n d  e a s y  
c o m p u t a t i o n. B e c a u s e  o f  th e c o m p u t a t i o n a l  a s p e c t , 
i n d u s t r i a l  u s e rs ha v e  b e e n  r e l u c t a n t  t o  l e a v e  t e s t s  ba s e d  
o n  th e r a n g e .  A s  S P C  t e ch n i q u e s  a r e  a p p l i e d  i n  a w i d e r  
v a r i e t y  o f  s i t u a t i o n s , whe r e  the a s s u m p t i o n  o f  n o r m al i t y  
i s  l i k e l y t o  b e  v i o l a t e d , o th e r t e s t s  m u s t  b e  c o n s i d e r e d .  
W i th the r a p i d l y  e x p a n d i n g  a v a i l a b i l i t y  o f  c o m p u t e r s ,  
t e chn i q u e s  tha t w e r e  p r e v i o u s l y  c o n s i d e r e d  i n a p p r o p r i a t e  
i n  the p r o c e s s  c o n t r o l  s e t t i n g  d e s e r v e  a n o th e r  l o o k .  
Cur rently exi st i n g  meth od s f o r  testi n g  va r i abili ty 
m a y  b e  c l a s s i f i e d  i n  thr e e  b r o a d  a r e a s : 1 )  m e tho d s  ba s e d  
o n  th e a s s u m p t i o n  o f  n o r m a l i t y ,  i n c l u d i n g  m e tho d s  f o r  
t r a n s f o r m i n g  d a t a t o  m e e t  thi s a s s u m p t i o n , 2 )  m e tho d s  t h a t  
r e l y  o n  th e ja c k k n i f e  t e ch n i q u e , a n d  3 )  o th e r  m e tho d s  tha t 
u s e  t r a d i t i o n a l  A N O V A  a p p r o a che s .  Ra the r tha n o n e  t e s t 
tha t w o r k s  i n  m o s t  s i t u a t i o n s ,  a v a r i e t y  o f  v a r i a n c e  t e s t s  
are available. Statisticians have developed tests based 
on s2, s, ln s, ln s2, the range, and a host of other 
spread statistics. 
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Tests Based on Normal Theory. Introductory applied 
statistics texts teach the use of a x2 or F test as a test 
for dispersion. To test whether the variance of a normal 
distribution, o2, equals some specified value, say a� , the 
test statistic X� = (n-l)s2/o; is computed. Likewise, to 
test that two independent normal populations have equal 
2 2 2 
variances, F0 = s1/s2 is calculated. Comparing either Xo 
or F0 to their appropriate sampling distribution leads to 
2 2 2 a decision to accept or reject H0: a = a0 or H0: a1 = 
2 
a2• Most texts contain warnings similar to that found in 
Hines and Montgomery (1980): "Unlike the t test • • • , 
tests on variances are rather sensitive to the normality 
assumption ." 
Box {1953) went so far as to suggest that even. though 
the fairly robust procedure for testing equality of means 
depends on the assumption of equal variances, the 
researcher may be better advised to skip the step of 
testing for homogeneity of variance. He pointed out that 
the sensitivity to non-normality increased as. the number 
of variances to be compared increased. Without offering 
an actual test, he concluded that in order for the 
2 4  
d e c i s i o n  c r i t e r i o n  t o  b e  l e s s  d e p e n d e n t  o f  the p o p u l a t i o n  
k u r t o s i s ,  i n f o r m a t i o n  o n  the v a r i a t i o n  t o  b e  e x p e c t e d  i n  
the s a m p l e  v a r i a n c e s  sh o u l d  b e  g a th e r e d  f r o m  i n t e r n a l  
e v i d e n c e .  The n a t e s t  o f  v a r i a n c e s  sh o u l d b e  
"s t u d e n t i z e d "  f o r  the f o u r th m o m e n t  ju s t  a s  a t e s t  f o r  
m e a n s  i s  s t u d e n t i z e d  f o r  the s e c o n d  m o m e n t .  
Ba r t l e t t  ( 1 9 3 7 )  g e n e r a l i z e d  the F0 t e s t  t o  t e s t  the 
e q u a l i t y  o f  m o r e  tha n t w o v a r i a n c e s .  I f  the r e  a r e  k 
r a n d o m s a m p l e s  f r o m  i n d e p e n d e n t  n o r m a l  p o p u l a t i o n s , the 
s a m p l i n g  d i s t r i b u t i o n o f  the s t a t i s t i c  i s  a p p r o x i m a t e l y  x 2 
w i th k - 1  d e g r e e s  o f  f r e e d o m .  The t e s t  s t a t i s t i c i s  
c a l c u l a t e d  a s  
wh e r e  
a n d  
2 
s. i s  l. 
2 
Xo = 2 . 3 0 2 6  q / c 
2 k 2 
q = ( N - k ) l o g  s p - L ( n i - 1 ) l o g  s i 
i=1 






th e s a m p l e  v a r i a n c e  f o r  th e i th s ub g r o u p , n i i s  
the n u mbe r o f  o b s e r v a t i o n s  i n  s u b g r o u p  i ,  a n d  N i s  t h e  
t o t a l  n u m b e r  o f  o b s e r v a t i o n s .  B a r t l e t t ' s  t e s t  i s  v e r y  
s e n s i t i v e t o  t h e  n o r m a l i t y  a s s u m p t i o n .  
O f t e n , wh e n  t h e  n o rma l i t y  a s s ump t i o n  i s  v i o l a t ed ,  
t r a n s f o rma t i o n s  c a n  b e  u s ed .  P o s s i b l e  t r a n s f o r m a t i o n s  
* 
i n c l ude 1 )  t h e  s q u a r e  r o o t t r a n s f o r m a t i o n , x ij = 
/x ij o r  
* 
x i j  = 
11 + xij' f o r  o b s e r v a t i o n s  t ha t  f o l l ow a P o i s s o n  
* 
di s t r i b u t i o n ,  2 )  t h e  l o g  t r a n s f o rma t i o n ,  x ij = l o g  x ij' 
f o r  da t a  t h a t  f o l l ows a l o g n o r m a l  di s t r i b u t i o n  o r  wh e r e  
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t h e  me a n  i s  p r o p o r t i o n a l  t o  t h e  s t a nda rd de v i a t i o n , 3 )  t h e  
* 
a r c s i n e  t r a n s f o rma t i o n , x ij = a r c s i n  x ij' f o r  o b s e r v a t i o n s  
f r om a b i n omi a l  di s t r i b u t i o n , a nd 4 )  t h e  r e c i p r o c a l  
* 
t r a n s f o rma t i o n ,  x ij = 1 /x i j' f o r  s i t u a t i o n s  wh e r e  t h e 
s t a nda rd de v i a t i o n i s  p r o p o r t i o n a l  t o  t h e s q u a r e  o f  t h e  
me a n .  
T e s t s  B a s ed ££ t h e  Ja c k k n i f e  T e c h n i q u e .  N o  
di s c u s s i o n  o f  v a r i a n c e  t e s t i n g  wo u ld b e  c o m p l e t e  wi t h o u t  
r e f e r e n c e  t o  t h e  ja c k k n i f e .  T h e  ja c k k n i f e i s  a 
s t a t i s t i c a l  t o o l  t h a t  c a n  b e  u s ed t o  r edu c e  b i a s  a nd 
de v e l o p  a p p r o x ima t e  c o n f ide n c e  i n t e r v a l s .  A l t h o u g h  t h e  
ja c k k n i f e i s  n o t  a p p r o p r i ate i n  a l l  s itu ati o n s , i t  d o e s  
s e e m  t o  p r o v ide a r o b u s t  a nd r e a s o n a b l y  p owe r f u l  t o o l  f o r  
te s t i n g  v a r i a n c e s .  A b a s i c  de s c r i p t i o n  o f  t h e  ja ckk n ife 
wa s g i v e n  by Mi l l e r  ( 1 9 6 8 ) .  L e t  8 be an u nkn o w n  
p a r a m e t e r , a n d l e t  x1 , • • •  , XN b e  a s a m p l e  o f  N 
i nde p e nde n t , · ide n t i c a l l y  di s t r i b u t ed o b s e r v a t i o n s  ,.,i th 
"' 
c u m u l a ti v e  di s t r i b u t i o n  fu n c tio n F8. Le t 8 de n o te a n  
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e s timat e o f  8 bas e d  o n  all N o b s e rvatio n s .  Divide the 
data in t o  n gr o ups o f  size k ( N = nk). Thi s divisio n may b e  
de t e rmin e d  b y  t h e  s t r u c t u r e  o f  the expe rime n t  o r  
""' 
ar bit rarily impo s e d  by the s tatis tician . Now , le t 8-i' 
i= 1 ,  • • •  , n ,  d e n o t e  t h e  e s t ima t e  o f  8 o b t ai n e d  b y  
dele ting t h e  it h  gr o up an d e s timating 8 f r om t h e  r emaining 
( n-1 )k o b s e rvatio n s .  Fo r m  the ps e u d ovalu e s  
,v ,.. 1'\ 
e. = n8- ( n-1 )8 . � -� ' i = 1 ,  • • •  n .  
IV 
The jackkni f e  e s tima t e o f  8 is the ave rag e  o f  the 8i: 
I'V 
8 = . 
Bas e d  o n  Tukey's pr opo sal that in many in s tan c e s  the 
fV 
ei ar e appr oximat ely indepe n d e n tly , id e n tically 
di s t rib u t e d , the varianc e o f  8 can b e  expr e s s ed 
appr oxima t ely as 
IV 1 \ I'V � 2 V(8.) = ( n ( n-1 ))- L (Gi - 8. ) • 
A 1 s 0 ' <8. - e ) [ n ( n - 1 ) ) - 1 L <Gi - e. ) 2 ] - 1 I 2 " s h 0 u 1 d " f 0 11 0 w a 
t dis t r ib u tio n wit h  n-1 degr e e s  o f  f r e edom. Bas e d  o n  this 
in f o r matio n ,  appr oxima t e  c o n fide n c e  in t e rvals and 
signi fican c e  t e s t s  o n  8 can b e  pe r f o rmed. 
A rve s e n  and S chmi tz ( 1 970) s ugge s t ed u sing the log 
t r an s f o r matio n as a varian c e  s t abilizing t ran s f o r matio n in 
c o nju n c tio n wi th the jackkni f e .  They claime d that if n o  
t ran s f o r matio n we r e  mad e ,  i n  mode rat e sample size s ran d om 
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variables from skewed distributions would be forced to 
behave as though they came from symmetric distributions. 
Other Tests Based on ANOVA Methods. One \vay to view 
Miller's jackknife technique is to note that the original 
data is being transformed (to pseudovalues) prior to the 
use of ordinary ANOVA-type inference methods. Other 
transformations have also been suggested. Data is 
transformed so that robust normal theory tests on means 
can be applied to test dispersion. 
One of the most widely recognized of these tests was 
suggested by Bartlett and Kendall ( 1 9 46) . This test 
depends on the arbitrary subdividing of samples drawn from 
two populations, calculation of log s2 from each of these 
subsamples, and comparison of the log s2 values from the 
two populations by use of a two sample t test for 
location. Since the subdivision of samples is arbitrary, 
the outcome of the test can vary with different groupings. 
This method can also be employed in cases with several 
populations using ANOVA on the subsample log s2 values. 
More recently Levene (1960) , Miller (1 968) , O'Brien 
( 1 979 , 1 9 8 1) ,  and others have suggested ANOVA based 
methods that do not depend on grouping the data in any 
arbitrary fashion. Levene proposed the spread variable 
z�. = ( x  . . -x .)2 'vhere x1. J. is the i 
th observation in the l.J l.J J 
jt h  g r o u p  a n d  xj i s  t h e  s am p l e  mea n f o r  t h e  j
t h  g r o u p. 
Mi l l e r  s u g g e s t e d  ja c k k n i f e  p s e u d o v a l u e s  b a s e d  o n  6 = a2 , 
2 2 
q1·J · = n ·S·- (n.- 1 ) S· . J J J J -1 
w h e r e  n j i s  t h e  s a m p l e  s i z e  o f  t h e  j
t h  g r o u p ,  s � i s  t h e  
s a m p l e  v a r i a n c e  o f  t h e  j t h  g r o u p ,  a n d  s J_i i s  t h e  s a m p l e  
v a r i a n c e  o f  t h e  jt h  g r o u p  i f  t h e  i t h  o b s e r v a t i o n  i s  
d e l e t e d .  
O'B r i e n  ( 1 979 ) s u g g e s t e d  t h e  u s e  o f  t h e  r a t h e r  
c om p l i c a t e d  l o o k i n g  t r a n s f o rma t i o n  
2 8  
2 2 
r .. (w ) = [(w+n.- 2 ) n.( x  .. - x.) - ws.(n.- 1 ) ]/[( n.- 1 ) (n.- 2 ) ] • 1J J J 1J J J J J J 
2 
Bo t h  Le v e n e's zi j  a n d  M i l l e r
's q ij a r e  s p e c i a l  c a s e s  o f  
2 
r. ·(\oi ) --z . . = (n -- 1 ) r  .. (Q ) /n. a n d  q1.J. = r1·J ( 1 ) .  T h e  1J 1J J 1J J 
a d v a n t a g e  o f  t h i s m e a s u r e  i s  t h a t  t h e  me a n  o f  r .. (w ) ,  1J 
r
j(w) , i s  e q u a l  t o  t h e s am p l e  v a r i a n c e  f o r  t h e j
t h  g r o u p  
2 
(sj).  The p o s s i b i l i ty t hen ex i sts to u se sta nda rd rob u st 
t e s t s  f o r  eq u a l i t y  o f  me a n s  t o  t e s t  t hes e mea s u r e s  o f  
v a r i a b i l i t y .  F o r  b a l a n c ed d e s i g n s t h i s  t e s t  p e r f o r ms 
f a v o r a b l y. O' B r i e n  a d v i s e d  a g a i n s t  f u r t h e r  t r a n s f o rmat i o n  
o f  t h e  r ij(w ) v a r i a b l e a n d  a g a i n s t  t h i s  p r o c e d u r e  f o r  o n e  
g r o u p  t e s t s. 
B r own a n d  F o r s y t h e  ( 1 9 7 4 )  c ompa r e d  s e v e r a l  o f  t h e 
A N O V A  r e l a t e d  me t h o d s .  I n c l u d e d  i n  t h e i r s t u d y  we r e  
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Le v e n e ' s z ij = l x ij - xj l a n d  s e v e r a l  v a r i a t i o n s  s u c h  a s  
r e p l a c i n g  xj w i t h  t h e me d i a n  o r  t h e  t r imm e d  me a n; a x2 
p r o c e d u r e  g i v e n  b y  La y a r d  ( 1 9 7 3 );  a n d  t h e  l n  o2 v e r sio n o f  
Mi l l e r ' s ja c k k n i f e p r o c e d u r e .  T h e i r  r e s e a r c h  p o i n t e d  t o  
t h e n e e d  t o  c o n s i d e r  r o b u s t  e s t ima t e s  o f  l o c a t i o n  wh e n  
d e v e l o p i ng r o b u s t  t e s t s  f o r  h omo g e n e i t y  o f  v a r i a n c e s .  
I mpl eme n t a t i o n .  W h y  h a v e  n o n e  o f  t h e s e me t h o d s  ma d e  
t h e i r  w a y  i n t o  t h e f o r e g r o u n d  o f  S PC w o r k? T h e r e  a r e  
s e v e r a l  r e a s o n s .  T h e  f i r s t  r e a s o n  h a s a l r e a d y  b e e n  
d i s c u s s e d - - t h e r e i s  a s t r o n g  e f f o r t  t o  a v o i d  
c o m p u t a t i o n a l l y  c o m p l e x  a p p r o a c h e s .  
A s e c o n d , a n d  mo r e  d i f f i c u l t  t o  g r a s p ,  r e a s o n  may b e  
b a s e d  o n  a f u n d a me n t a l  d i f f e r e n c e  i n  t h e g o a l  o f  t h e  
p r o c e d u r e s .  I n  t r a d i t i o n a l  h y p o t h e s i s  t e s t i n g ,  o n e  
u s u a l l y  w o r k s  t o  s h o w  t h a t  t h e r e i s  s u f f i c i e n t  e vid e n c e  t o  
c o n c l u d e t h a t  t h e n u l l h y p o t h e s i s  i s  n o t  t r u e , o r  t h e  
a l t e r n a t i v e  i s  mo r e  l i k e l y  t h e  c o r r e c t  c h o i c e .  I n  S P C ,  
r eje cti o n  of t h e  n u l l  h y p oth e sis i s  t h e  exc e ptio n r athe r 
t h a n  t h e r u l e .  (A s i g n a l  o n  a c o n t r o l  c h a r t  i s  r e a s o n  fo r 
a c t i o n . )  
La s t ,  a m o r e  t h e o r e t i c a l  a n d  p hil o s o p hic a l  qu e stio n 
m u s t  b e  r a i s e d .  T h e  s t a t i s tic i a n  mu s t  d e c i d e h ow t o  
h a n d l e e x t r e m e  v a l u e s .  S i n c e  s amp l e s  a r e  b eing dr awn f r om 
a n  u n k n own p o p u l a tio n ,  d o  t h e s e  v a l u e s  r e p r e s e n t  o utlie r s  
f r om a n o rma l p o p u l a t i o n ,  o r  a r e  the y r e a s o n a b l e  v a l u e s  
f r om a n o n - n o rma l d i s t r ibu t i o n . I f  the l a t t e r  i s  t r u e , 
c a n  th i s  b e  c o n s i s t e n t  w i th a c o n c e p t o f  c o n t r o l ?  
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CHAPTER 3 
A REVIEW OF MEANS TESTING 
Neasures .2.f Location Used in SPC 
As in any area of application, in SPC central 
tendency can be measured in a number of way s. The most 
popular of these way s is 1) to look at the individual 
observations (X's), 2) to look at the median of a group of 
""' 
observations (X), or 3) to look at the mean of a group of 
observations (X). The control chart for individuals, the 
X chart (Nelson, 1982), and the control chart for medians 
(Nelson, 1982b) have received less attention than the 
traditionally favored X chart. The X chart is used when 
it is not possible, or desirable, to form subgroups. 
Since individual measurements are plotted, the underly ing 
distribution must be known if accurate probability 
statements are desired. Median charts are advocated when 
it is desirable to keep computation to a minimum. Today , 
the subgroup mean is very easily computed on a hand held 
calculator. The loss in efficiency (0 . 7 4 3  for samples of 
size 3 and lower for larger samples) that results from 
using the sample median instead of the sample mean should 
dictate the use of the X chart over the median chart for 
samples from a normal population. 
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Probability statements on the X chart are made on the 
basis of X being normally distributed. Asymptotically, 
this is true regardless of how X is distributed, but in 
small samples care needs to be exercised. Unless the 
deviations from normality are severe, probability 
statements can be taken as approximately correct. Since X 
is the most common estimate of location and it is 
reasonably robust, the remainder of this chapter will 
focus on the sample mean. 
Means Testing in SPC 
In process control there is a two-fold question to be 
an�wered--do the sample means indicate that their 
respective populations are centered on the same value, and 
what is that value. Most approaches to answering these 
questions, including traditional X control charts, start 
by assuming that the process is centered at one specific 
value; then they attempt to estimate that value. Once an 
estimate is available, the question asked in future 
samples becomes, "Can I accept that the sample mean of 
this new group is a reasonable value for a sample d rawn 
from a population with the mean already estimated?" 
Hillier ( 1969) and Yang and Hillier ( 19 70) developed 
control charts to test the assumption of control on the 
initial samples as well as on future samples. In the 
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e a r l i e r wo r k  Hi l l i e r  b a s e d  h i s  e s t i m a t e  o f  v a r i a b i l i t y  o n  
t h e  r a n g e, wh i l e  t h e l a t t e r  us e d  t h e  s a m p l e  v a r i a n c e .  
Wh e n  s m a l l  n u m b e r s  o f  s u b g r o u p s  a r e  u s e d , t h e i r  c o n t r o l  
l i m i t s  t e n d  t o  b e  wi d e r  t h a n  l i m i t s  o n  t r a d i t i o n a l  c h a r t s .  
T h e  a u t h o r s c l a i m e d  t o  s e t  c o n t r o l l i m i t s  s o  t h a t  t h e  
p r o b a b i l i t y  t h a t  a p o i n t  wi l l  f a l l  o u t s i d e  t h e c o n t r o l  
l i m i t s  i s  a s p e c i f i e d  v a l u e .  
Ki n g  ( 1 9 54 )  a l s o  s u g g e s t e d  a m e t h o d  f o r  r e t r o s p e c t i v e 
t e s t i n g .  He n o t e d  t h a t  t h e e s t i m a t e  o f  v a r i a b i l i t y  t e n d s  
t o  b e  i n f l a t e d  \vh e n  a s m a l l  n u m b e r  o f  s u b g r o u p s  i s  u s e d .  
T o  c o m p e n s a t e  f o r  t h i s, h e  s u g g e s t e d n ew f a c t o r s  t o  
r e p l a c e  A 2 • Hi s v a l u e s, r e f e r r e d  t o  a s  C ,  a r e s m a l l e r  
t h a n  t h e  c o r r e s p o n d i n g A 2 va l u e s .  T h e  C v a l u e s  a r e  
c o m p u t e d  s o  t h a t  t h e  p r o b a b i l i t y  t ha t  o n e  o r  m o r e  p o i n t s  
i n  2 5  w i l l  b e  o u t s i d e t h e  c o n t r o l  l i m i t s  w i l l  b e  
a p p r o x i m a t e l y  0 . 0 5 .  
T h e  wo r k  o f  Hi l l i e r , Ya ng a n d  Ki n g  a p p e a r s  t o  s t a n d  
a l o n e  i n  t h e a r e a  o f  i n i t i a t i n g  p r o c e s s  c o n t r ol.  T h e s e  
a u t h o r s  a l l s u g g e s t  r e f o r m u l a t i ng c o n t r ol li m i t s  a f t e r  a 
l a r g e n u m b e r  o f  s a m p l e s  (2 5 o r  m o r e ). T h e i r  m e t h o d s  t h e n  
c o i n c i d e  wi t h  t r a d i t i o n a l  c o n t r o l  c ha r t s .  
T r a d i t i o n a l  c o n t r o l c h a r t s  a r e  de s ign e d  s o  t h a t  t he 
p r o b a b i l i t y  t h a t  a s i n g l e  p o i n t  f a l l s  o u t s i d e  t h e  c o n t r o l  
li m i t s  i s  a s p e c i f i e d  s m a l l  v a l u e ,  r ega r d l e s s  o f  t he 
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s a m p l e  s ize . W e i l e r  ( 1 9 5 4 )  s u g g e s t e d  a n  a l t e r n a t i v e t h a t  
s e t c o n t r o l  l i m i t s  s o  t h a t  t h e  e x p e c t e d  n u m b e r  o f  p i e c e s  
i n s p e c t e d b e twe e n  f a l s e  s i g n a l s  wo u l d  b e  k n ow n .  To  
i l l u s t r a t e  how W e i l e r ' s m e t h o d  d i f f e r s  f r o m t h e  
t r a d i t i o n a l  a p p r o a c h ,  c o n s i d e r  t h a t t h e  a v e r a g e  r u n  
l e n g t h - - t i m e b e t we e n  s i g n a l s - - f o r  a t r a d i t i o n a l  c ha r t  i s  
a p p r o x i m a t e l y  1 /0 . 0 0 27 o r  370 .  I f  s a m p l e s  a r e  o f  s ize 4 ,  
a n  a v e r a g e  o f  1 4 80 p i e c e s  wi l l  b e  i n s p e c t e d  b e t we e n  f a l s e  
s i g n a l s; f o r  s a m p l e s  o f  s ize 6 ,  t h e  a v e r a g e  n u m b e r  o f  
p i e c e s  i n s p e c t e d  b e twe e n  f a l s e  s i g n a l s  ju m p s  t o  2 2 2 0 .  
W e i l e r  wo u l d adju s t  t h e  c o n t r o l  l i m i t s  t o  c o r r e s p o n d  t o  
t h e  s a m p l e  s ize - - c o n t r o l  l i m i t s  f o r  s a m p l e s  o f  s ize 6 
wo u l d  b e  t i g h t e r  t h a n  t h e l i m i t s  f o r  s m a l l e r  s a m p l e s  f o r  a 
f i x e d  a v e r a g e  n u m b e r  i n s p e c t e d  b e twe e n  s i g n a l s .  Th i s  
a p p r o a c h  d o e s  n o t  s e e n  t o  h a v e  g a i n e d  m u c h  a t t e n t i o n .  
A n o t h e r  r a t h e r  u n i q u e  a p p r o a c h  t o  e s t a b l i s h i n g  a n  X 
c h a r t  c a n  b e  a t t r i b u t e d  t o  Ra h i m ( 1 9 8 5 ) .  He a t t e m p t e d  t o  
o p t i m a l l y  d e t e r m i n e  s a m p l e  s ize , s a m p l i n g i n t e r v a l ,  a n d  
c o n t r o l  l i m i t  c o e f f i c i e n t s .  R a h i m d i v i d e d  t h e  p r o d u c t i o n  
c y c l e  i n t o  f o u r  p e r i o d s - - a  p e r i o d  whe n t h e p r o c e s s  i s  
o p e r a t i n g  i n  c o n t r o l , a p e r i o d  wh e n  t h e  p r o c e s s i s  
o p e r a t i n g o u t  o f  c o n t r o l , a s e a r c h  p e r i o d  d u e t o  a f a l s e  
a l a r m , a n d  a p e r i o d  t h a t  i n v o l v e s  s e a r c h  a n d  c o r r e c t i o n  
f o r  a t r u e  s i g n a l .  O p t i m iza t i o n  i n v o l v e s  a s e a r c h  
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t e chn i q u e  o v e r  a f u n c t i o n  tha t i n c l u d e s  e s t i m a t e d  c o s t s  
f o r  the  v a r i o u s  p a r t s  o f  the p r o d u c t i o n  c y c l e . H e  a l s o 
r e c o g n i z e d  m e a s u r e m e n t  e r r o r , a n d  d i d  n o t  r e q u i r e  tha t the 
i n d i v i d u a l  m e a s u r e m e n t s  f o l l o w  a n o r m a l  d i s t r i b u t i o n. 
The m o s t  p o p u l a r  a p p r o a ch t o  m e a n s  t e s t i n g  o the r tha n 
t h e  c o n t r o l  c h a r t  i s  a p r o c e d u r e  r e f e r r e d  t o  a s  C U S U M  
( c u m u l a t i v e s u m ) ( L u c a s ,  1 9 7 6 ) .  I n  o r d e r  t o  u s e  a C U S U M  
p r o c e d u r e ,  e s t i m a t e s  m u s t  b e  a v a i l a b l e  f o r  �' a, a n d  the 
s i z e  shi f t  tha t i s  to b e  r e c o g n i z e d  q u i c k l y .  Th i s  
p r o c e d u r e  c a n  b e  v i e w e d  a s  a s p e c i a l  c a s e  o f  W a ld ' s  ( 1 9 4 7 )  
se q u e n t i a l a n a ly s i s .  S u p p o r t e r s  o f  th i s  m e tho d c l a i m  tha t 
s m a l l  sh i f t s  i n  a p r o c e s s  m a y  b e  d e t e c t e d  f a s t e r  b y  a 
C U S U M  p r o c e d u r e  tha n b y  t r a d i t i o n a l c o n t r o l  cha r t s .  
M ea n s  T e s t i ng i n  � G e n e r a l  S e t t i ng 
M e a n s  t e s t i n g  c a n  b e  d i v i d e d  i n t o thr e e  p r o b l e m s -- the 
o n e  g r o u p  p r o b l e m , the t w o  g r o u p  p r o b l e m , a n d  the m u l t i p l e  
g r o u p  p r o b l e m  ( the fi r s t  t w o  a c t u a l l y  b e i n g  spe c i al ca se s  
o f  the l a s t ) . M a n y t i m e s ,  t e s t s  f o r  the o n e  g r o u p  
h y p o th e s i s ,  H0 : � = u0 , c a n  b e  m o d i f i e d  t o  he l p  e st i m a t e 
the u n kn o w n  m e a n  o f  a p o p u l a t i o n .  
The O n e  G r o up P r o b l e m  a n d  E s t i m a t i o n .  The t te s t  ha s 
s e r v e d  a s  th e p r i m a r y  m e tho d f o r  te s t i n g  whe th e r  the m e a n  
o f  a p o p u l a t i o n  i s  e q u a l  t o  a s p e c i f ied v a l u e .  T o  c o n d u c t  
a t  t e s t , a s a m p l e  o f  s i z e  n i s  t a k e n  f r o m  a n o r m a l  
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p o p u l a t i o n , t h e  m e a n  (X) a n d t h e s am p l e  v a r i a n ce ( s2) a r e  
c a l c u l a t e d , a t e s t  s t a t i s t i c  t c = (x - u0)//s2/n i s  
c a l c u l a t e d , a n d  t c i s  c o m p a r e d  t o  c r i t i c a l  v a l u e s  f r o m a t  
d i s t r i b u t i o n  w i t h  n - 1  d e gr e e s  of fr e e d o m .  Hh e n  t h e  
v a r i a n c e  i s  k n o w n , s2 i s  r e pl a c e d  w i t h  a2 a n d  c r i t i c a l  
v a l ue s  a r e  o b t a i n e d fr o m  t h e s t a n d a r d  n o r m a l  t a b l e .  
Wa l d  ( 1 9 4 7 )  s u g g e s t e d  a s e q u e n t i a l  a p p r o a c h  t o  
t e s t i n g  w h e t h e r  t h e  m e a n  of a n o rma l p o p u l a t i o n i s  equ a l  
t o  a s p e c i fi e d  v a l u e .  Hi s p r o c e d u r e  c a n  b e  u s e d  w ith 
k n o w n  or u n k n o w n  v a r i a n c e .  Wa l d  s u g g e s t e d t h r e e  d e c i s i o n  
a l t e r n a t i v e s  a t  e a c h  s t a g e  of t h e  p r o c e d u r e - - a c c e p t  H0, 
r e je c t  H0, o r  c o n t i n u e s amp l i n g .  T h e  e x p e c t e d  n u m b e r  of 
o b s e r v a t i o n s  r e q u i r e d  to r e a c h  a d e c i s i o n  s h o u l d  be l o w e r 
u n d e r  t h e s e q u e n t i a l  a n a l y s i s  a p p r o a c h  t h a n  u n d e r  t h e  
c o r r e s p o n d i n g  s i n g l e  s a m p l e  a p p r o a c h .  
A n o t h e r  w a y t o  t e s t  t h e  h y p o t h e s i s  i s  b y  i n s p e c t i o n  
of t h e  c o nfid e n c e  i n t e r v a l .  If t h e  h y p o t h e s ize d v a l u e  w0 
i s  n o t  c o n t a i n e d  i n  t h e i n t e r v a l  x - t n - 1 , a/zsl� < w < x 
+ t n - 1 , a/2s//n, t h e  n u l l  h y p o t h e s i s  i s  r eje c t e d .  
Ma n y  t i m e s t h e  c o nfide n c e  i n t e r v a l  i s  a l s o u s ed to 
e s t ima t e  t h e  m e a n  of a p o p u l a t i o n .  Gh o s h  ( 1 9 7 5)  d e s c r i b e d  
t w o  m e a s u r e s  of a c c u r a c y  fo r e s t i m a t i n g  p a r a m e t e r s  b y  u s e  
of c o nfi d e n c e  i n t e r v a l s .  N e yma n a c c u r a c y  r efe r s  to t h e  
l i k e l i h o o d  t h a t  t h e  i n ter v a l  a c t u a l l y c o n t a i n s  t h e  
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p a r a m e t e r , a n d  Wo l f o w i t z a c c u r a c y r e f e r s  t o  t h e  w i d t h o f  
t h e  i n t e r v a l .  A s h o r t  c o n f i d e n c e  i n t e r v a l  w i t h  h i g h 
p r o b a b i l i t y  t h a t  t h e  p a r ame t e r i s  c o n t a i n e d  i n  t h e 
i n t e r v a l  w o u l d  p r o v i d e  a r e l i a b l e  e s t i m a t e  o f  t h e  m e a n .  
One w a y  t o  d e c r e a s e  t h e  w i d t h o f  a c o n f i d e n c e  i n t e r v a l  i s  
t o  i n c r e a s e t h e s a m p l e  s i ze . D a n tzi g ( 1 9 4 0 )  p r o v e d  t h a t  
t h e  p r o b l em o f  f i n d i n g  a c o nfi d e n c e  i n t e r v a l  o f  a 
p r e a s s i g n e d  l e n g t h  a n d  a g i v e n  c o n f i d e n c e  c o e f f i c i e n t  f o r  
a n  u n k n o w n  me a n  o f  a n o rma l d i s t r i b u t i o n  w i t h  u n k n o w n  
v a r i a n c e  i s  i n s o l u b l e  i f  t h e  s amp l e  s ize i s  f ixe d b e f o r e  
s a m p l i n g . 
I n  a n  a t t emp t t o  d e t e rm i n e  t h e  n u m b e r  o f  o b s e r v a t i o n s  
t h a t  w o u l d  b e  n e c e s s a r y  t o  e s t a b l i s h a c o n f i d e n c e  i n t e r v a l  
o f  a k n o w n  l e n g t h w i t h  a g i v e n c o n f i d e n c e  c o e f f i c i e n t ,  
S t e i n  ( 1 9 4 5 ) , He i s s  ( 1 9 5 5 )  a n d  G r a y b i l l  ( 1 9 5 8 )  i n t r o d u c e d  
t w o s t a g e  p r o c e d u r e s  w h e r e  t h e n u m b e r  o f  o b s e r v a t i o n s  
n e e d e d  i n  t h e  s e c o n d  s t a g e  i s  e s t i m a t e d  a t  t h e  f i r s t  
s t a g e .  S t e i n  l imi t e d  h i s  w o r k  t o  n o rma l p o p u l a t�o n s .  
We i s s  ext e n d e d t h e  p r o c e d u r e  t o  s h o w  t h a t  t h e  m e a n  o f  a l l  
o b s e r v a t i o n s  (s t a g e  1 a nd s t a g e  2 )  s h o u l d  be u s ed fo r t he 
c e n t e r o f  t h e f i n a l  c o n f i d e n c e  i n ter v a l .  G r a y b i l l  d r o p ped 
t h e  r e qu i r eme n t  t h a t  t h e  s a m p l e s  w e r e  d r a w n  f r o m  a n o rma l 
p o p u l a t i o n . 
3 8  
The Two Group Problem . To test the hypothesis H0 : u
1 
= u 
2 , w e u s u a 1 1  y 1 o o k a t t h e c o n t r a s t x 1 - ·x 2 a n d a s k i f 
this quantity is significantly different from zero. When 
the variances of the two populations are known, the test 
statistic zc = (x 1 -
x2)/
�?/n 1 + a�/n2 is compared to 
critical values obtained from the standard normal table. 
If the variances are not known, two possibilities exist. 
I f  these variances can be presumed to be e q ual then the 
sample variances may be pooled and the test statistic tc = 
(x 1 
- x2)/spl1 /n 1 + 1 /n2 can be compared to values from a 
t distribution with n
1 +n2
-2 degrees of freedom .  When the 
variances 'cannot be expected to be equal, an approximate t 
test may be employed. This is referred to as the Behrens-
Fisher problem. Welch ( 1 9 4 7 )  proposed an approximate t 







+ s;/n2• He compared tc to a t distribution 
where degrees of freedom were estimated by 
(s f + s22)2 I f( s21 / n l )2 + ( s2z/n�)2l n 1 n2 I L n 1 -I n 2 - i J 
(Satterwaite, 1 9 4 1 ) . 
W ang ( 1 9 7 1 )  provided evidence that this approximation 
provides accurate results and that there is little loss of 
power when the variances are equal. Both SP SS and M ini-
tab now provide the Welch t test as the default ( S P S S  also 
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prints o u t  the more traditional t) when testing the 
difference in means from two inde pendent sam ples. 
The H ultiple Group Problem. The traditional A N O V A  F 
test is u sed to test H0: u 1 = u 2 = • • •  = ll k against an 
alternative Ha : at least one llj is different. When 
sam ple sizes are equal and the within group variances are 
equal, this test is robust to distributional ass umptions. 
Brown and Forsythe ( 1 97 4b) showed that when these 
assum ptions wer� violated, the F test is no longer 
accurate. They observed that for a nominal � level of 
0.05 the observed levels ranged from 0.03 to 0. 1 7 . The 
higher levels were observed when large variances were 
associated with small sam ples. 
Welch's t test could be modified so that com plex 
contrasts involving several grou p means could be tested. 
Kohr and Games ( 1 97 7) provided su p port that the test 
statistic t" = L c · X  . ;/\ c�s� / n  · (c J. is the contras t J J  L J J  J 
coe f ficient for the jth group) is ap proximatel y  
distributed as a t with degrees of freedom estimated by 
df " = 
\' 2 2  2 \" 2 4 2 ( � C · S · / n . )  - 2 ( t_. C · S · / n . ( n - + 1 ) ] J J J J J J J 
\ 4 4 2 L., C · S  . /n . ( n · + 1 ) 
J J J J 
Unfortunately, in small sam ples the estimate of degree s of 
freedom can be negative if the estimate of variance is 
s m all for grou ps that have large cj 's. 
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I n  1 9 5 1  \.J e l c h  m o d i f i e d  h i s  t w o  g r o u p  t e s t  t o  f o r m a 
t e s t  o n  t h e e q u a l i t y  o f  s e v e r a l  m e a n s  wh e n  t h e p o p u l a t i o n  
v a r i a n c e s  a r e  n o t  e q u a l .  Hi s t e s t  s t a t i s t i c  
i s  
\v = 
W · ( X · - X ) 2 / ( k - 1 )  
J J • •  2(k - 2) � 2 1 
+ ( k2 _ 1 ) L ( 1 - w j /u ) / ( n j - 1 )  
a p p r o x i m a t e l y  d i s t r i b u t e d  a s  a n  F w i t h  k - 1 a n d  f 
d e g r e e s  o f  f r e e d o m , wh e r e  
X ·  = 
J 









t h e  m e a n  o f  g r o u p  j 
t h e n um b e r  
n .J s. 
J J 
2: w j 
Lw ·X  . J u  
J J 
t h e  n u m b e r  
[ ( 3/ ( g 2 -
o f  o b s e r v a t i o n s  i n  
o f  g r o u p s  
1 ) )  [ < 1 - w./u ) 2 / ( n .  1 1 
g r o u p  j 
- 1 ) ]- 1 . 
B r own a n d  F o r s y t h e ( 1 974 b )  s t u d i e d t h e  b e h a v i o r  o f  t h i s 
t e s t  s t a t i s t i c  i n  s m a l l  s a m p l e s  w i t h u n e q u a l  v a r i a n c e s .  
T h e y  r e p o r t e d a c c e p t a b l e  r e s u l t s  wi t h  s a m p l e  s i z e s  a s  
s m a l l  a s  f i v e .  T h e y a c t u a l l y  r e c o m m e n d e d t h e u s e  o f  t h i s  
t e s t  s t a t i s t i c  o v e r t h e  t r a d i t i o n a l  A N O V A  F t e s t  b e c a u s e  
o f  p r o t e c t i o n  a g a i n s t  po s s i b l e  d i s t o r t i o n s  i n  r e p o r t e d  
s i g n i f i c a n c e  l e v e l s .  
I mpl e m e n t a t i o n .  I n  t h e  p a s t  l i t t l e  e m p h a s i s  h a s  b e e n  
p l a c e d  o n  m o d i f y i n g t e s t s  f o r  t h e  m e a n s  i n  t h e  S P C  
s e t t i n g .  R e s e a r c h e r s  h a v e  u s e d  t h e  Ce n t r a l  L i m i t  T h e o r e m  
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a s  a c r u t c h  t o  s u p p o r t  t h e i r  h y p o t h e s i s  t h a t  t h e  m e a n  i s  
a r o b u s t  e s t i m a t e  o f  l o c a t i o n .  U n f o r t u n a t e l y , m o s t  o f  t h e  
t e s t s t h a t  a r e  u s e d  d e p e n d  o n  b e i n g  a b l e  t o  s u c c e s s f u l l y  
c o n d u c t  t e s t s  o n  v a r i a b i l i t y .  A s  S P C  t e c h n i q u e s  m ak e  
t h e i r  w a y  i n t o  m o r e  n o n - i n d u s t r i a l  s e t t i n g s ,  t h e  
l i k e l i h o o d  o f  e n c o u n t e r i n g  n o n - n o r m a l  p o p u l a t i o n s  w i l l  
i n c r e a s e .  A s  t h e  d i s t r i b u t i o n d e v i a t e s  m o r e  a n d  m o r e  
f r o m  t h e  n o r m a l  d i s t r i b u t i o n , t e s t i n g  v a r i a b i l i t y  b e c o m e s  
m o r e  d i f f i c u l t .  R o b u s t t e s t s  f o r  m e a n s  a r e  n o t  u s e f u l  
u n l e s s  t h e y  c a n  b e  c o n d u c t e d .  T h e  g r o u n d w o r k  h a s  b e e n  
p r o v i d e d i n  t h e  p r e c e d i n g  s e c t i o n  t o  m o d i f y  g e n e r a l  
p r o c e d u r e s  f o r  t e s t i n g  e q u a l i t y o f  m e a n s , w i t h o u t  f i r s t 
k n o w i n g  t h a t  t h e  v a r i a n c e s  a r e  e q u a l .  A n y  m o d i f i c a t i o n  
s h o u l d  b e  c o m p a r e d  t o  c u r r e n t  p r o c e d u r e s  w h e n  t h e 
a p p r o p r i a t e  a s s u m p t i o n s  a r e  m e t .  A l s o  t h e r o b u s t n e s s  o f  
t h e s e  p r o c e d u r e s  m u s t  b e  s t u d i e d .  
C H A PTER  4 
A N EW P R OC E D U R E  FOR  ME A N S  T E S T I N G 
I n i t i a t i n g  a p r o g r a m  i n  p r o c e s s  c o n t r o l  i s  n o t  a 
t r i v i a l  p r o c e d u r e .  M a n y  t i m e s a c o m p a n y ' s  f i r s t  a t t e m p t s  
t o  u s e  t r a d i t i o n a l  c o n t r o l - c h a r t s  r e s u l t  i n  c o n f u s i o n  a n d  
c h a o s .  P r o c e s s e s  a r e  n o t  i n  c o n t r o l  w i t h  r e s p e c t  t o  
v a r i a b i l i t y  ( o r  a t  l e a s t  t h a t  i s  w h a t  t h e  c h a r t s  
i n d i c a t e ) ; l i m i t s  o n  c h a r t s  f o r t h e  m e a n  a r e  n o t  
a p p r o p r i a t e ;  a n d  t h e  u s e r  i s  n o t  s u r e  w h e r e t o  l o o k  f o r  
t h e c a u s e .  T h e  t r o u b l e  m a y  b e  l i m i t e d  t o  t h e v a r i a b i l i t y  
i n  t h e  p r o c e s s , t h e v a r i a n c e  a n d  t h e  m e a n  m a y  b o t h  b e  
v a r y i n g , o r  t h e  t e s t  f o r  v a r i a b i l i t y m a y  b e  m i s l e a d i n g 
b e c a u s e  t h e  d i s t r i b u t i o n  o f  t h e c h a r a c t e r i s t i c  i s  n o t  
n o r m a l . 
V a r i a n c e  t e s t s  t h a t  h a v e  b e e n  d e v e l o p e d  i n  a n  a t t e m p t 
t o  e l i m i n a t e t h e  n o r m a l i t y  a s s u m p t i o n  a r e n o t  e f f e c t i v e  
w i t h s a m p l e  s i z e s  a s  s m a l l  a s  t h o s e  u s e d  i n  S P C 
a p p l i c a t i o n s .  T e s t s  f o r  m e a n s  t h a t  d o  n o t  d e p e n d  o n  
e q u a l i t y  o f  v a r i a n c e s  e x i s t ,  b u t  t h e y  a l s o  s u f f e r  w i t h t h e  
s m a l l  s a m p l e  s i z e s .  S i n c e  t h e  a s s u m p t i o n  o f  n o r m a l i t y  i s  
u s u a l l y  l e s s  b i n d i n g  i n  m e a n s  t e s t s , m o d i f i c a t i o n  o f  t h e 
c u r r e n t  m e a n s  t e s t s  s o  t h a t  t h e y  a r e  m o r e  e f f i c i e n t  f o r  
s m a l l  s a m p l e s f r o m  u n k n o w n  p o p u l a t i o n s  i s  w o r t h w h i l e .  
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Several criteria would be used to j udge the 
efficienc y of a new proc edure. First, does this proc edure 
provide an ac curate (on target) estimate for the mean? In 
other words, is the estimate of the mean unbiased? 
Second, is the variability in the estimate of the mean 
reasonab le (in a practical sense)? This is not a 
statistical question even though the estimate of the 
variabilit y in the sam pling distribution of the mean would 
be used to help ans wer this question. Practical 
significance wil l vary from user to user, but statistics 
can provide some insight into the effects of some choic es. 
And fina lly, since this is a proc edure for initiating 
proc ess control, ho w fast can we achieve an estimate for 
the mean ? 
A Proposed Proc edure 
A General Overvie w .  The proc edure suggested in this 
section can be viewed as a modification of the methods 
suggested b y  Yang and Hillier ( 1 9 70). This proc edure is 
sequential in nature . The testing and estimation 
proc edure continues until the process is classified as 1 )  
out of control or 2) in control at a predictable le vel. 
In contrast to Yang and Hillier's ap proach, this 
proc edure onl y modifies control limits until the user 
conc ludes that the proc ess is in control at a predictable 
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l e v e l .  A f t e r  t h a t  c o n t r o l  l i m i t s  a r e  n o t  u p d a t e d  a s  a 
r o u t i n e  p r o c e d u r e - - s i g n a l s  f r o m  t h e c h a r t  a r e  u s e d  t o  
d e t e r m i n e w h e n  u p d a t i n g  i s  n e c e s s a r y .  
T h e  p r o c e d u r e  t h a t  I a m  r e c o m m e n d i n g  c o n s i s t s  o f  a 
s e r i e s  o f  t w o  g r o u p  t t e s t s  w i t h  a s l i g h t l y  · d i f f e r e n t  
d e n o m i n a t o r  f r o m w h a t  i s  t r a d i t i o n a l l y  u s e d .  A t  e a c h  
i t e r a t i o n , t h e r e  a r e  t h r e e  d e c i s i o n  a l t e r n a t i v e s .  W e  
c o u l d  a c c e p t  t h e  a l t e r n a t i v e h y p o t h e s i s - - c o n c l u d e  t h a t  t h e  
c u r r e n t  s a m p l e  i s  s i g n i f i c a n t l y  d i f f e r e n t  f r o m  w h a t  w e  
h a v e  s e e n  ( c o n c l u d e  t ha t  t h e p r o c e s s  i s  n o t  i n  c o n t r o l  
w i t h  r e s p e c t  t o  t h e  m e a n ) ;  w e  c o u l d  a c c e p t  t h e  n u l l 
h y p o t h e s i s -- c o n c l u d e  t h a t  t h e p r o c e s s  i s  o p e r a t i n g  a t  
p r e d i c t a b l e  l e v e l ;  o r  w e  c o u l d  c o n c l u d e  t h a t  w e  n e e d  m o r e  
i n f o r ma t i o n  b e f o r e  w e  w i l l  c o n c l u d e  t h a t  t h e  p r o c e s s  i s  
o p e r a t i n g  a t  a c o n s i s t e n t  a n d  p r e d i c t a b l e  l e v e l .  A s  w e  
p r o g r e s s  t h r o u g h  i t e r a t i o n s , t h e  t e s t  t o  a c c e p t  t h e  
a l t e r n a t i v e  h y p o t h e s i s  b e c o m e s  m o r e  l i k e  a o n e  g r o u p  t e s t  
w i t h  a g i v e n  h y p o t h e s i z e d  v a l u e  f o r  t h e m e a n .  
T o  s t a r t t h e  p r o c e s s , d r a w  t w o  s a m p l e s  o f  s i z e n .  
2 2 
Co m p u t e  x 1 , x 2 , s 1 , s 2 • T h e n , w i t h o u t  t e s t i n g ,  c o m p u t e  
2 2 2 
s p = ( s 1 + s 2 ) / 2 . F o r m t h e  t e s t  s t a t i s t i c  t rz 
= ( x 1 -
x 2 ) / s p
l( 2 / n ) .  I f ,  b a s e d  o n  t h e  t e s t  s t a t i s t i c  t r , t h e  
a l t e r n a t i v e  h y p o t h e s i s i s  n o t  a c c e p t e d , t h e  i t e r a t i v e  
p r o c e s s  c a n  b e g i n .  
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E a c h  t i m e  a n e ,.., s a m p l e  i s  t a k e n  x a n d s 2 a r e 
c a l c u l a t e d  f o r  t h a t  s a m p l e .  A t e s t  s t a t i s t i c  f o r  
a c c e p t i n g  t h e  a l t e r n a t i v e  h y p o t h e s i s ,  t r k
' i s  c a l c u l a t e d  
a n d  t h e  t e s t  p e r f o r m e d .  I f  t h e  a l t e r n a t i v e  h y p o t h e s i s  i s  
n o t  a c c e p t e d , a t e s t  c a n  t h e n  b e  m a d e  t o  d e t e r m i n e  i f  w e  
c a n  a c c e p t  t h e n u l l h y p o t h e s i s .  Fo r t h i s  t e s t t a k 
w i l l  b e  
c a l c u l a t e d  a n d  a t e s t  p e r f o r m e d .  I f  t h e  n u l l h y p o t h e s i s  
i s  a c c e p t e d , t h e m e a n  w i l l  b e  e s t i m a t e d ; i f  t h e n u l l  
h y p o t h e s i s  i s  n o t a c c e p t e d  a n o t h e r  s a m p l e  w i l l b e  t a k e n .  
F i g u r e  5 s h o w s  t h e  f l o w  o f  t h i s  p r o c e d u r e .  
T e s t  t o  A c c ep t  t h e  A l t e r n a t i v e Hypo t h e s i s .  T w o t e s t  
s t a t i s t i c s  f o r  c o n c l u d i n g  t h a t  t he p r o c e s s  i s  o u t  o f  
c o n t r o l  w i l l b e  c o n s i d e r e d .  Ea c h  a t t e m p t s  t o  r e d u c e  t h e  
e f f e c t  o f  u n e q u a l  v a r i a n c e s  o n  t h e o u t c o m e  o f  t h e t e s t .  
/ 
R e f e r  t o  t h e  t e s t  s t a t i s t i c s  a s  t r k 
a n d  t rk
• 
F i r s t , c o n s i d e r  
w h e r e  
= t h e  s a m p l e  m e a n  o f  t h e n e w ( k t h ) s a m p l e  
= = t h e  m e a n  o f  t h e  f i r s t  k - 1  s a m p l e s  
= t h e  me a n  o f  t h e f i r s t  k - 1  s a m p l e  v a r i a n c e s . 
S i n c e  k - 1 v a r i a n c e s  w i t h n - 1  d e g r e e s  o f  f r e e d o m  e a c h  w e r e  
2 
" p o o l e d " t o  f o r m  s p , t h i s  t e s t  s t a t i s t i c  i s  c o m p a r e d  t o  
C o l l e c t  n ew 
s am p l e  
C a l c u l a t e t e s t  
s t a t i s t i c  f o r  
a c c e p t a n c e  o f  t h e  
a l t e r n a t i v e  h y p o t h e s i s  
y e s  
C a l c u l a t e  t e s t  
s t a t i s t i c  f o r  
a c c e p t a n c e  o f  
t h e  n u l l 
h y p o t h e s i s  
n o  I 
��e 
--� ::�! m� � ·---...;.__--
-
--. 
y e s 
l I E s t i m a t e  p r o c e s s  m e a n  
l 
( S t o p  ) 
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n o  
P r o c e s s  i s  I t h o u g h t  t o  b e  o u t  o f  c o n t r o l  
S t o p  
F I GU R E  5 .  F l ow C h a r t f o r t h e  I t e r a t i v e  P r o c edu r e  
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critical values fro m a t distri bution with (k-1)( n-1) 
degrees of freedom. Unlike any approach that estimates 
degrees of freedom, this method would always use the same 
reference value for any sample of size n after k 
iterations . 
The decision to average the previous k-1 sample 
2 
variances into sp is a two-fold attempt to reduce the 
effect of unequal variances. First, averaging provides a 
protection. Shifts in the mean will have less effect on 
2 
sp than on a sample variance calculated a b out a grand 
mean. Any source of variability that can be eliminated 
should be considered. The decision to include only the 
first k-1 sample variances is a more direct attack on the 
possi bility of unequal variances. 
independent random variables from distri butions with means 
2 - -
ui and variances oi , then the distri bution of x1 - x2 has 
a mean u 1 - u 2 and variance O f / n 1 + o }! n 2 • I f  o 1 = a 2 , we 
can write the variance of the difference as a2( 1/n1 + 
1/n2) .  Traditionally , when o
2 is unknown, it is replaced 
by the sample variance. For this iterative proced ure, in 
order to reach the kth iteration, we must have faile d to 
accept the null and the alternative hy pothesis at each of 
the previous iterations. Failing to accept the 
alternative hy pothesis co uld be restated as not having 
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s u f f i c i e n t  e v i d e n c e  t o  c o n c l u d e t h a t  t h e  p r o c e s s  i s  o u t  o f  
c o n t r o l .  F o l l o w i n g  t h i s a p p r o a c h , t h e b e s t  e s t i m a t e  o f  a 2 
s h o u l d  b e  o b t a i n e d  f r o m  t h e  f i r s t  k - 1  s a m p l e s .  O m i s s i o n 
o f  t h e k t h  s a m p l e  v a r i a n c e  p r o v i d e s  s o m e  p r o t e c t i o n  
a g a i n s t  s ud d e n  l a r g e  s h i f t s  i n  t h e v a r i a n c e .  
N o w , c o n s i d e r  
=t 2 2 
s p . + s k '
n ( k - 1 ) -;-
w h e r e  x k , x k _ 1 , s : a r e  t h e s a m e  a s  b e f o r e  a n d  s� i s  t h e  
s a m p l e  v a r i a n c e  f o r  t h e k t h  s a m p l e .  T h e  t e s t  s t a t i s t i c  
w i l l  b e  c o m p a r e d  t o  c r i t i c a l  v a l u e s  f r o m  a t d i s t r i b u t i o n  
w i t h d e g r e e s  o f  f r e e d o m  e s t i m a t e d  b y  t h e S a t t e r w a i t e 
a p p r o x i m a t i o n : 
d f ' = 
2 ) 2 
� 
n 
n - 1  
T h i s  w o u l d  b e  a v a r i a t i o n  o f  W e l c h ' s  t t e s t  t h a t  h a s  b e e n  
u s e d  f o r  t h e  t w o  g r o u p  m e a n s  t e s t  w h e n  v a r i a n c e s  a r e  n o t  
e q u a l . 
T e s t  !£ A c c e pt t h e  N u l l Hypo t h e s i s .  E a c h  t e s t  f o r  
a c c e p t i n g  t h e a l t e r n a t i v e  h y p o t h e s i s  h a s  a c o r r e s p o n d i n g  
t e s t  f o r  a c c e p t i n g  t h e  n u l l h y p o t h e s i s .  T h e s e  w i l l  b e  
T h e  c o n c e p t  i s  t h e  s a m e  f o r  
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b o t h  v a l u e s .  T h i s  t e s t i s  o n l y  p e r f o rme d i f  t h e  
a l t e r n a t i v e  h y p o t h e s i s i s  n o t  a c c e p t e d .  R eje c t i n g  t h e  
a l t e r n a t i v e  a l l o w s  t h e  " p o o l i n g " o f  i n f o r m a t i o n .  F o r  t h i s  
t e s t , a l l  k s a m p l e s  a r e  d i v i d e d  i n t o  t w o  e qu a l (o r n e a r l y  
e qu a l )  g r o u p s  o f  a p p r o x i m a t e l y  k / 2 s a m p l e s  i n  e a c h g r o u p ; 
a t w o g r o u p  t t e s t  i s  p e r f o r m e d ; a n d  a d e c i s i o n  m a d e .  
T h e  iw o t e s t  s t a t i s t i c s  a r e  
a n d  
� x g 1 
- x g 2 t a k
= � s � l 2 + s g 2 
\ --nr  n 2 
w h e r e  
= 
gr a n d  o f  [ ( k+ 1 ) / 2] x g 1 
= me a n  t h e f i r s t  s a m p l e  me an s 
[ . ] r e p r e s e n t s  t h e i n t e g e r  p o r tio n o f  . 
-=-
g r a n d  o f  t h e  r e m a i n i n g  s a m p l e  xg 2 
= m e a n  me a n s  
2 
s p = m e a n  o f  t h e  k s a m p l e  v a r i a n c e s  
2 
o f  s g 1 
= m e a n t h e  f i r s t  [ ( k + l ) / 2 ] s a m p l e  v a r i a n c e s  
2 
o f  s g 2 
= m e a n  t h e  r e m a i n i n g  s a m p l e  v a r i a n c e s  
n 1 = [(k + 1 ) / 2]n 
n 2 = n k - n 1 • 
F o r  t a k 
t h e  c r i t i c a l  v a l u e s  a r e  o b t a i n e d  f r o m  a t  
d i s t r i b u t i o n  w i th k (n - 1 )  d e g r e e s  o f  f r e e d o m .  I n  t h e  c a s e  
s o  
/ o f  t a k
' d e g r e e s  o f  f r e e d o m  a r e  e s t i m a te d b y  th e 
S atte r w a i te a p p r o x i m at i o n : ( 5 � 1 2 )2 + s g 2 n l n2 
d f  = (s�� ) + ( :�2)2 
n 1 - 1 n 2 - 1  
C h o i c e  o f  C r it i c a l  V a l u e s . A l l  f o u r  te st stati sti c s  
that h a v e  b e e n  s u g g e ste d d e p e n d  o n  c r iti c a l  v a l u e s  f r o m  a 
t d i str i b uti o n .  T h e  c h o i c e  o f  s i g n i f i c a n c e  l e v e l s  w i l l  
a f f e ct t h e  a b i l ity o f  th e p r o c e d u r e  to r e c o g n ize s h i ft s .  
T h e  te st f o r  a c c e pti n g  th e a lte r n ati v e  hy p oth e s i s  
w i l l  b e  p e r f o r m e d  at a c o n sta nt l e v e l  o f  a = 0 . 0 0 3 . 
T h e r e f o r e , w h e n  th e p r o c e s s  i s  i n  c o ntr o l  w ith r e s p e ct to 
th e m e a n , at e a c h  ite r ati o n  t h e  p r o b a b i l ity that w e  w i l l  
c o n c l u d e  th at th e p r o c e s s  i s  o ut o f  c o ntr o l  s h o u l d  b e  
0 . 0 0 3 . T h i s  i s  a p p r o x i m ate ly  t h e  s a m e  a s  th e v a l u e  
c l a i m e d  b y  tr a d it i o n a l  c o ntr o l  c h a rt s . 
T h e  s i g n i f i c a n c e  l e v e l  f o r  th e te st f o r  a c c e pti n g  th e 
n u l l  hy p oth e s i s  w i l l c h a n g e  at e a c h  ite r at i o n .  T h e  r e a s o n  
f o r  th i s  i s  s i m p l e - -th e m o r e  s a m p l e s  w e  ta k e  that a r e  n ot 
s i g n i f i c a nt l y  d i f f e r e nt ,  th e m o r e  w i l l i n g  w e  a r e  to 
c o n c l u d e  th at th ey c a m e  f r o m  a d i str i b uti o n  w ith a 
c o n sta nt m e a n .  S i n c e  th i s  p r o c e d u r e  i s  i nte n d e d  to 
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p r o v i d e  a n  i n i t i a l  e s t i m a t e  o f  t h e  m e a n , t h e  s p e e d  w i t h 
w h i c h  w e  c a n  m a k e t h e  e s t i m a t e  i s  i m p o r t a n t .  U n f o r t u ­
n a t e l y ,  t h e r e  i s  a t r a d e - o f f .  A d e c i s i o n  b a s e d  o n  a s m a l l  
n u m b e r  o f  o b s e r v a t i o n s  m a y  b e  i n f l u e n c e d  b y  c h a n c e  
s i m i l a r i t i e s  i n  t h e  d a t a .  A s  t h e n u m b e r  o f  o b s e r v a t i o n s  
i n c r e a s e s ,  t h e s e  c h a n c e  s i m i l a r i t i e s  h a v e  l e s s e f f e c t  o n  
t h e t e s t .  F o r  t h i s  r e a s o n ,  w e  s t a r t  w i t h  a s e t  s o  t h a t  
a c c e p t a n c e  o f  t h e  n u l l h y p o t h e s i s i s  d i f f i c u l t .  A s  t h e  
n u m b e r  o f  i t e r a t i o n s  i n c r e a s e s , t h e  "ac c e p t a n c e  r e g i o n " , 
a l s o i n c r e a s e s . T r a d i t i o n a l  c o n t r o l  c h a r t s  g e n e r a l l y  
e s t i m a t e t h e  m e a n  a f t e r  2 0  s a m p l e s .  I n  o r d e r  t o  q u a r a n t e e  
t h a t t h e  n e w  p r o c e d u r e  w i l l  p r o d u c e  e s t i m a t e s  w i t h i n  t h i s  
t i m e  p e r i o d , t h e  a f o r  t h i s n e w  p r o c e d u r e  i s  s e t  t o  
d e c r e a s e  l i n e a r l y  u n t i l  a d e c i s i o n i s  f o r c e d  b y  t h e  
t w e n t i e t h  s a m p l e . S i n c e  t h e  f i r s t  t e s t  f o r  a c c e p t a n c e  o f  
t h e  n u l l h y p o t h e s i s  o c c u r s  a f t e r  t h e  t h i r d  s a m p l e ,  a k = 
( 2 0-k ) / 1 8 . I f  t h e  p r o c e d u r e  d o e s  n o t  t e r m i n a t e p r i o r  t o  
t h e t w e n t i e t h s a m p l e ,  t h e  t r a d i t i o n a l  c o n t r o l  c h a r t  a n d  
t h i s  p r o c e d u r e  s h o u l d  p r o v i d e  t h e s a m e  e s t i m a t e  o f  t h e  
m e a n . 
T e s t i n g t h e  N e w  P r o c e d u r e  
E va l u a t i o n o f  t h e n e w  p r o c e d u r e  n e e d s  t o  i n c l u d e  
t h r e e  a r e a s : 1 )  h o w  t h e  p r o c e d u r e  w o r k s  w h e n  t r a d i t i o n a l  
a s s u m p t i o n s  o f  n o r m a l i t y a n d  h o m o g e n e i t y  o f  v a r i a n c e  a r e  
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m e t , 2 )  h o w  t h e  p r o c e d u r e  w o r k s  w h e n  t h e  h o m o g e n e i t y  o f  
v a r i a n c e  a s s u m p t i o n  i s  v i o l a t e d , a n d  3 )  h o w  t h e  p r o c e d u r e  
w o r k s  w h e n  t h e  n o r m a l i t y  a s s u m p t i o n  i s  v i o l a t e d .  I n  e a c h  
c a s e ,  c o m p a r i s o n s  n e e d  t o  b e  m a d e  b e t w e e n  t h i s  p r o c e d u r e  
a n d  t h e  t r a d i t i o n a l  X a n d  R c h a r t s o r  X a n d  s c h a r t s .  
T h e s e  c o m p a r i s o n s  w i l l  b e  b a s e d o n  t h e  r e s u l t s  o f  a n  
e m p i r i c a l  s t u d y .  
C H A P T E R  5 
A N  EMP I R I C A L  S T U D Y  T O  E V A L U AT E  T H E  P R OC E DU R E  
T h e  M e c h a n i c s  £1 t h e Empi r i c a l  S t u dy 
I f  t h i s  p r o c e d u r e  i s  g o i n g  t o  b e  c o n s i d e r e d  v a l i d , i t  
m u s t  w o r k  r e a s o n a b l y w e l l  w h e n  t h e t r a d i t i o n a l  a s s u m p t i o n s  
o f  n o r m a l i t y  a n d  e q u a l i t y  o f  v a r i a n c e s  a r e  m e t , a n d  i t  
m u s t  p e r f o r m b e t t e r  t h a n  t h e t r a d i t i o n a l  X c h a r t  w h e n  
t h e s e  a s s u m p t i o n s a r e  v i o l a t e d .  A s  a r e f e r e n c e , 
t r a d i t i o n a l  X c h a r t s  w e r e  c o n s t r u c t e d .  U s i n g  1 0 , 0 0 0 
r e p l i c a t e s ,  X a n d  R c h a r t s  a n d  X a n d  s c h a r t s  w e r e  
c o n s t r u c t e d  w i t h  2 0  s a m p l e s  u s e d  i n  t h e  i n i t i a l  p h a s e .  
C h a r t s  w e r e  c o n s t r u c t e d  f o r  s a m p l e  s i z e s  o f  4 ,  5 ,  6 ,  a n d  7 
f r o m  a n o r m a l  d i s t r i b u t i o n  w i t h  JJ .  = 0 a n d  o 2 = 1 .  C h a r t s  
w e r e  a l s o  c o n s t r u c t e d  f o r  s a m p l e s  f r o m  a u n i f o r m  d i s t r i ­
b u t i o n , f o r  s a m p l e s  f r o m  s t a n d a r d  g a m m a  d i s t r i b u t i o n s  w i t h 
a =  1 ,  2 ,  5 ,  8 ,  a n d  1 5  a n d  f o r  s a m p l e s  f r o m  n o r m a l  
d i s t r i b u t i o n s  w i t h  u = 0 a n d  o 2 r a n g i n g  f r o m 1 t o  1 . 4 4 ,  
1 . 9 6 ,  4 ,  a n d  9 .  
O b s e r v a t i o n s  w e r e  g e n e r a t e d  u s i n g  t h e  r a n d o m  n u m b e r  
g e n e r a t o r s  a v a i l a b l e  i n  R e l e a s e  8 2. 4  o f  S A S  i n s t a l l e d  f o r  
u s e  o n  t h e  I B M  3 0 8 1 a t  V i r g i n i a  C o m m o n w e a l t h  U n i v e r s i t y .  
T o  g e n e r a t e  o b s e r v a t i o n s  f r o m  a s t a n d a r d  n o r m a l  
d i s t r i b u t i o n  t h e  R A N N O R  f u n c t i o n  w a s  u s e d ; o b s e r v a t i o n s  
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f r o m  a u n i f o r m  d i s t r i b u t i o n  w e r e  g e n e r a t e d  t h r o u g h  t h e u s e  
o f  R A NU N I ; a n d  o b s e r v a t i o n s  f r o m  a s t a n d a r d  g a m m a 
d i s t r i b u t i o n  u s e d  R A NG A M .  F o r e a c h  s a m p l e  f r o m  a n o r m a l  
d i s t r i b u t i o n w i t h a v a r y i n g ,  a v a l u e f o r  a w a s  g e n e r a t e d  
u s i n g  R A NUN I .  T h e n , o b s e r v a t i o n s  w e r e  g e n e r a t e d u s i n g  
R A N N O R .  N o t e  t h a t  a l l  o b s e r v a t i o n s  w i t h i n  a s a m p l e  c o m e  
f r o m  t h e  s a m e  n o r m a l  d i s t r i b u t i o n - - t h e  v a r i a n c e  w i t h i n  a 
s a m p l e  i s  n o t  c h a n g i n g , b u t t h e  v a r i a n c e  i s  c h a n g i n g  f r o m  
s a m p l e  t o  s a m p l e . 
U s i n g  s a m p l e s  f r o m  t h e  s a m e  d i s t r i b u t i o n s ,  b o t h  t 
( t h e c o m b i n a t i o n  o f  t r a n d  t a ) a n d  t �  ( t h e  c o m b i n a t i o n  o f  
t r ' a n d t a" )  w e r e  e v a l u a t e d . D u e  t o  a l i m i t a t i o n  o n  C P U · 
t i m e ,  o n l y  8 0 0 0  r e p l i c a t e s  w e r e  u s e d .  F i r s t , t h e  t e s t  t o  
a c c e p t  t h e  a l t e r n a t i v e h y p o t h e s i s  w a s  c h e c k e d .  A t  t h i s  
s t a g e , t h e  s t a t e d  a n d  o b s e r v e d  a l e v e l s w e r e  c o m p a r e d .  
T h e n  t h e t e s t  t o  a c c e p t  t h e n u l l  h y p o t h e s i s  w a s  s t u d i e d .  
T h e  q u e s t i o n s  t o  b e  a n s w e r e d  w e r e  1 )  h o w  f a s t c a n  w e  
e s t i m a t e t h e  m e a n  a n d  2)  i s  t h a t  e s t i m a t e o n  t a r g e t ?  
F i n a l l y , t h e t w o  t e s t s  w e r e  c o m b i n e d  t o  t e s t  t h e p r o p o s e d  
p r o c e d u r e . 
C r i t e r i o n  f o r  E v a l u a t i o n 
S i n c e  t r a d i t i o n a l  X c h a r t s  a r e  o n l y  c o n s t r u c t e d  w h e n  
t h e  a c c o m p a n y i n g  c h a r t  f o r  v a r i a b i l i t y  s h o w s  n o  p o i n t s  o u t  
o f  c o n t r o l , w e  f i r s t  e s t i m a t e d  t h e p r o b a b i l i t y  t h a t  a t e s t 
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o n  t h e  m e a n  w o u l d b e  c o n s i d e r e d .  T h e  r e s u l t s  a r e r e p o r t e d  
i n  Ta b l e  A - 2 .  T h e s e  v a l u e s  c o u l d  b e  i n t e r p r e t e d  a s  
p r o v i d i n g  a n  e s t i m a t e o f  t h e  u p p e r  l i m i t  o n  t h e  p r o p o r t i o n  
o f  t h e t i m e  t h a t  a u s e r  w i l l b e  a b l e  t o  a s s e s s  t h e m e a n  i f  
t r a d i t i o n a l c o n t r o l  c h a r t p r o c e d u r e s  a r e  u s e d .  A s  
e x p e c t e d , l o w e r  v a l u e s  a r e a s s o c i a t e d  w i t h  c h a r t s  f o r  
o b s e r v a t i o n s  d r a w n  f r o m  d i s t r i b u t i o n s  w i t h  p o s i t i v e 
k u r t o s i s ,  a n d  h i g h e r  v a l u e s  a r e  a s s o c i a t e d  w i t h  c h a r t s  f o r  
d a t a  f r o m  p o p u l a t i o n s  w i t h  n e g a t i v e k u r t o s i s . F o r  t h i s  
s t u d y ,  X c h a r t s  w e r e  c o n s t r u c t e d  o n l y  w h e n  t h e  c h a r t  f o r  
va r i a b i l i t y  s ho w e d  n o  p o i n t s  o u t s i d e  t h e  c o n t r o l  l i m i t s .  
Th e f i r s t  a c t u a l  c o m p a r i s o n  o f  t h e p r o c e d u r e s  
i n v o l v e s  t h e a c c u r a c y  o f  t h e  t e s t  u s e d  t o  c o n c l u d e  t h a t  
t h e  p r o c e s s  i s  o u t  o f  c o n t r o l  w i t h  r e s p e c t  t o  t h e  m e a n .  
I f  t h e  s t a t e d  a v a l u e  i s  0 . 0 0 3  ( t h e  p r o b a b i l i t y  t h a t , f o r  
a n y  o n e  p o i n t ,  w e  w i l l  c o n c l u d e  t h a t t h e m e a n  h a s  s h i f t e d  
w h e n , i n  r e a l i t y , i t  h a s  n o t  s h i f t e d ) ,  h o w c l o s e  i s  t h e 
o b s e r v e d  ( e m p i r i c a l )  a v a l u e ?  T h e  r e s u l t s  a r e  g i v e n  i n  
Ta b l e A - 3 .  
T h e  r e m a i n d e r  o f  t h e  c o m p a r i s o n s  d e a l  w i t h  t h e  
a c c e p t a n c e  o f  t h e  n u l l  h y p o t h e s i s - - t h e  e s t i m a t i o n  o f  t h e  
m e a n .  Ta b l e  A - 4  r e p o r t s  t h e p r o ba b i l i t y  t h a t  t h e m e a n  
w i l l  a c t u a l l y  b e  e s t i m a t e d .  T h i s r e p r e s e n t s  t h e  
p r o p o r t i o n  o f  t i m e t h a t w e  w o u l d  c o n c l u d e  t h a t  t h e p r o c e s s  
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i s  o p e r a t i n g  a t  a p r e d i c t a b l e  le v e l .  T h e  p r o b a b ili t i e s  
r e p o r t e d  f o r  t r a d i t i o n al c h a r t s  c a n  b e  i n t e r p r e t e d  a s  t h e 
p r o b a b ili t y  t h a t  b o t h  t h e  X c h a r t a n d  t h e  c h a r t f o r  
v a r i a b ili t y  w ill s h o w n o  p o i n t s o u t s i d e t h e c o n t r ol 
limi t s .  Ta ble A - 5  r e p o r t s  t h e  s t a n d a r d ize d e s t ima t e  o f  
t h a t  l e v e l  { t h e  d i f f e r e n c e  i n  t h e  o b s e r v e d  v al u e  a n d  t h e 
t r u e  me a n  d i v i d e d  b y  t h e  e x p e c t e d  v alu e o f  t h e  s t a n d a r d  
d e v i a t i o n ) . S i n c e  t h e  a v e r a g e  o f  t h e  o b s e r v a t i o n s  i s  u s e d  
t o  e s t ima t e  t h e  mea n, t h e  e s t ima t e  f o r  t h e  me a n  s h o uld b e  
u n b i a s e d  i f  t h e t e s t i n g  p r o c e d u r e  i s  s ymme t r i c .  Ta ble A - 5  
i n d i c a t e s  t h a t  t h i s i s  a r e a s o n a ble c o n c lu s i o n .  Ta ble A - 6  
r e p o r t s  t h e r a t i o  o f  t h e  s t a n d a r d e r r o r  o f  t h e  e s t i ma t e  t o  
t h e  e x p e c t e d  v alu e o f  t h e  s t a n d a r d  d e v i a t i o n .  F o r  
t r a d i t i o n al X c h a r t s ,  i t  h a s  b e e n  a s s ume d t h a t  2 0 s a mple s 
w e r e  u s e d  t o  c o n s t r u c t  t h e  c h a r t s .  Th e r e f o r e ,  t h e  me a n  i s  
e s t i ma t e d  a f t e r  2 0 s a mple s { p r o v i d e d  t h e  X c h a r t  s h ow s  n o  
p o i n t s  o u t s i d e  t h e  c o n t r ol limi t s ) . T h e  me d i a n  a n d  
e x p e cte d n umb e r  o f  i t e r a t i o n s  r e q u i r e d  b y  th e n ew 
p r o c e d u r e a r e  r e p o r t e d  i n  Ta ble A - 7 .  
E v alu a t i o n  o f  t h e R e s ults 
- --
T h e  i n i t i al c omp a r i s o n s  a r e  b e twe e n  t r a d i t i o n al 
me t h o d s  a n d  t h e n e w  p r o c e d u r e  wh e n  the  a s s ump t i o n s  o f  
n o r mality a n d  h o mo g e n e i t y  o f  v a r i a n c e  a r e  me t .  T h e n ,  th e 
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e f f e c t  o f  u n e q u a l  v a r i a n c e s i s  s t u d i e d .  F i n a l l y ,  t h e  
e f f e c t  o f  n o n - n o r m a l i t y i s  s t u d i e d .  I n  a l l  c a s e s , t h e  
s t u d y  i s  b a s e d  o n  s a m p l e s  t a k e n  f r o m  p o p u l a t i o n s  t h a t a r e  
i n  c o n t r o l  w i t h  r e s p e c t  t o  t h e m e a n .  T h e  p o w e r o f  t h e  
t e s t i s  n o t  e x p l o r e d  i n  t h i s r e s e a r c h .  
N o r m a l  Popu l a t i o n  wi t h  Va r i a n c e  i n  C o n t r o l .  F r o m  
Ta b l e  A - 4 , we  c a n  s e e  t h a t  t r a d i t i o n a l  c o n t r o l  c h a r t s  
p r o v i d e  a n  e s t i m a t e  o f  t h e m e a n  a p p r o x i m a t e l y  8 6  t o  9 0  
p e r c e n t  o f  t h e  t i m e . I n  f a c t , s i n c e  t h e  c h a r t  f o r  
v a r i a b i l i t y  m u s t  b e  c o n s t r u c t e d  a n d  t h e  v a r i a n c e  e s t i m a t e d  
b e f o r e  t h e  X c h a r t  i s  c o n s t r u c t e d , t h e  t r a d i t i o n a l  c h a r t 
m e t h o d s  o n l y  b e g i n  t o  p r o v i d e  a n  e s t i m a t e  o f  t h e  m e a n  l e s s  
t h a n  9 5  p e r c e n t  o f  t h e  t i m e  (Ta b l e  A - 2 ) .  I n  c o n t r a s t , t 
a n d  t '  p r o v i d e  e s t i m a t e s  a t  l e a s t  9 7  p e r c e n t  o f  t h e t i m e .  
I n  t e r m s  o f  f a l s e  s i g n a l s  (T y p e  I e r r o r s ) ,  
t r a d i t i o n a l  m e t h o d s  a n d  t p e r f o r m  e q u a l l y .  O n  t h e  o t h e r  
h a n d , t h e  o b s e r v e d  a l e v e l f o r  t ' t e n d s  t o  i n c r e a s e  a s  t h e 
n u m b e r  o f  s a m p l e s i n c r e a s e s  a n d  i s  m o r e  s e n s i t i v e  a t  
s m a l l e r  s ize s .  
A l l  o f  t h e p r o c e d u r e s  p r o v i d e r e a s o n a b l e  e s t i m ate s o f  
the  m e a n  (Ta b l e  A - 5 ) ,  b u t  t h e  s t a n d a r d  e r r o r s  f o r  t a n d  t /  
a r e  a l m o s t  d o u b le t h o s e  o f  t r a d i t i o n a l  m e t h o d s  (T a b le A -
6 ) .  T h i s  i s  n o t  r e a l l y  s u r p r i s i n g . A l l  f o u r  a p p r o a c h e s  
u s e  t h e m e a n  o f  a l l  o b s e r v a t i o n s  t o  e s t i m ate t h e  m e a n .  
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T h e  s t a n d a r d  e r r o r  f o r t h e  s a m p l e  m e a n  i s  g i v e n  b y  a 
d i v i d e d  b y  t h e  s q u a r e  r o o t  o f  t h e  n u m b e r  o f  o b s e r v a t i o n s . 
W h e n  t r a d i t i o n a l  m e t h o d s  a r e  u s e d  w i t h  s a m p l e s  f r o m  a 
s t a n d a r d  n o r m a l  d i s t r i b u t i o n , t h e  s t a n d a r d  e r r o r  o f  t h e 
m e a n  i s  0 . 1 1 2 f o r  s a m p l e s  o f  s i z e 4 ,  0 . 1 f o r  s a m p l e s  o f  
s i z e 5 ,  0 . 0 9 1 f o r  s a m p l e s  o f  s i z e  6 ,  a n d  0 . 0 8 5  f o r  s a m p l e s 
o f  s i z e  7 - - n o t e  t h a t  t h e o b s e r v e d  v a l u e s  a r e  v e r y  c l o s e  t o  
t h e  t h e o r e t i c a l  v a l u e s .  T h e  n e w  p r o c e d u r e  m a k e s  a n  
e s t i m a t e  b a s e d  o n  f e w e r o b s e r v a t i o n s  s o  t h e  v a r i a b i l i t y  o f  
t h a t e s t i m a t e  i s  g r e a t e r .  S i nc e  a t  l e a s t  5 0  p e r c e n t  o f  
t h e  t i m e e s t i m a t e s  a r e  m a d e  w i t h s e v e n  o r  f e w e r  s a m p l e s  
( l e s s  t h a n  h a l f  a s  m a n y  o b s e r va t i o n s ) , a c o r r e s p o n d i n g  
i n c r e a s e  i n  t h e s t a n d a r d  e r r o r  r e s u l t s . C o n s i d e r  t h e c a s e  
o f  n = 4 .  I f  e s t i m a t e s  o f  t he m e a n  w e r e  a l w a y s  m a d e  a f t e r  
t h r e e  s a m p l e s , t h e  s t a n d a r d  e r r o r  w o u l d  b e  0 . 2 8 9 .  T h i s 
v a l u e d e c r e a s e s  t o  0 . 1 8 9 i f  e s t i m a t e s  w e r e  a l w a y s  m a d e 
a f t e r  s e v e n  s a m p l e s . I n  b o t h t h e  t r a d i t i o n a l  m e t h o d s  a n d  
t h e  n e w  p r o c e d u r e s ,  t h e  s t a n d a r d e r r o r  d e c r e a s e s  a s  t h e 
s a m p l e  s i z e i n c r e a s e s .  
N o r m a l  Popu l a t i o n s  w i t h  V a r i a n c e  O u t  Qf C o n t r o l .  A s  
t h e  v a r i a b i l i t y  i n  t h e v a r i a n c e  i n c r e a s e s , t h e  p o s s i b i l i t y  
o f  c o n s t r u c t i n g  X c ha r t s  d e c r e a s e s .  T h i s  s p e a k s  f a v o r a b l y  
f o r  t h e  c h a r t s  f o r  v a r i a b i l i t y , b u t  m a k e s p r o b l e m  
i d e n t i f i c a t i o n  d i f f i c u l t .  E v e n  i n  c a s e s  w h e r e  t h e X c h a r t  
i s  c o n s t r u c t e d , t h e  p r o b a b i l i t y  t h a t  t h e  m e a n  w i l l  b e  
e s t i m a t e d  i s  l o w e r  t h a n  t h e c o r r e s p o n d i n g  p r o b a b i l i t i e s  
f o r  e i t h e r  t o r  t ' . 
I I n  t e r m s  o f  f a l s e  a l a r m s ,  t a p p e a r s  t o  b e  m o r e  
p r e d i c t a b l e  a s  t h e v a r i a b i l i t y  a n d  s a m p l e  s i z e i n c r e a s e .  
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Fo r s m a l l  s a m p l e s  w h e r e  t h e v a r i a b i l i t y  i n  t h e  v a r i a n c e  i s  
s m a l l , t a n d  t r a d i t i o n a l  X c h a r t s  a r e  p r e f e r a b l e .  
T h e  i n e v i t a b l e  t r a d e - o f f  b e t w e e n · w h e n  a n  e s t i m a t e  i s  
m a d e  a n d  t h e  r e l i a b i l i t y  o f  t h a t  e s t i m a t e  a p p e a r s a g a i n .  
T h e  n e w  p r o c e d u r e , w i t h  b o t h  t a n d  t ' , c o n t i n u e s  t o  
p r o v i d e  e s t i m a t e s  o f  t h e  m e a n  w i t h  h i g h  p r o b a b i l i t y ,  a n d  
t h e s e  e s t i m a t e s  s t i l l a v e r a g e  r e q u i r i n g  o n l y  a b o u t  e i g h t  
s a m p l e s . U n f o r t u n a t e l y ,  t h e  e s t i m a t e s  s t i l l  e x h i b i t  a b o u t  
f o u r  t i m e s  a s  m u c h  v a r i a b i l i t y  { a  s t a n d a r d  e r r o r  t w i c e  a s  
l a r g e )  a s  e x h i b i t e d  b y  t r a d i t i o n a l  m e t h o d s .  
N o n - n o r m a l  Popu l a t i o n s .  E v e n  t h o u g h  t h e n e w  
p r o c e d u r e  w a s  n o t  s p e c i f i c a l l y  d e s i g n e d  t o  b e  r o b u s t  t o  
d i s t r i b u t i o n a l  a s s u m p t i o n s , t h e  e f f e c t s  w i l l  s t i l l  b e  
e x p l o r e d .  T r a d i t i o n a l l y ,  m e a n s  t e s t s  h a v e  b e e n  c o n s i d e r e d  
r o b u s t  t o  d i s t r i b u t i o n a l  a s s u m p t i o n s .  
T r a d i t i o n a l  X c h a r t s  ha v e  l i t t l e  c h a n c e  w i t h 
p o p u l a t i o n s  t h a t  h a v e  p o s i t i v e k u r t o s i s . A s  k u r t o s i s  
i n c r e a s e s , t h e  p r o b a b i l i t y  t h a t  a t r a d i t i o n a l c h a r t  f o r  
va r i a b i l i t y  w i l l  n o t  s h o w p o i n t s o u t s i d e  t h e c o n t r o l  
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l i m i t s  d e c r e a s e s .  F o r  p o p u l a t i o n s w i t h  n e g a t i v e  k u r t o s i s ,  
c h a r t s  f o r  v a r i a b i l i t y  wi l l  r a r e l y  h a v e  p o i n t s  o u t s i d e t h e  
c o n t r o l  l i m i t s .  E v e n  wh e n  X c h a r t s  a r e  c o n s t r u c t e d , t h e  
d i f f e r e n c e  i n  t h e  o b s e r v e d  a l e v e l  a n d  t h e  s t a t e d  l e v e l  
t e n d s  t o  i n c r e a s e  a s  t h e  k u r t o s i s  d e v i a t e s  f r o m  ze r o .  
Th i s  i s  l o g i c a l  s i n c e  t h e  n o r m a l  t h e o r y  l i m i t s  o n  c h a r t s  
f o r  v a r i a b i l i t y  a r e  t o o  w i d e  f o r  p o p u l a t i o n s  wi t h  n e g a t i v e 
k u r t o s i s .  Th i s  wo u l d  t e n d  t o  l e a d  t o  i n f l a t e d  e s t i m a t e s  
o f  o2 wh i c h ,  i n  t u r n , w o u l d  l e a d  t o  l a r g e r  t h a n  e x p e c t e d  
c o n t r o l  l i m i t s  o n  t h e  X c h a r t a n d  f ewe r t h a n  e x p e c t e d  
s i g n a l s  o n  t h e X c h a r t .  L i k ew i s e , t h e  n o r m a l  t h e o r y  
l i m i t s  o n  t h e  X c h a r t  wi l l  b e  t o o  n a r r ow f o r  p o p u l a t i o n s  
wi t h  n e g a t i v e k u r t o s i s .  Th i s  h e l p s  e x p l a i n  t he l ow 
o b s e r v e d  a's f o r  t h e s a m p l e s  f r o m a u n i f o r m d i s t r i b u t i o n  
a n d  t h e h i g h o b s e r v e d  a's f o r  t h e  s a m p l e s  f r o m  g a m m a 
d i s t r i b u t i o n s . 
Fo r t h e u n i f o r m d i s t r i b u t i o n , t h e 
t s e e m s  t o  g i v e  p r e d i c t a b l e  a v a l u e s .  
n ew p r o c e d u r e  u s i n g  
I 
T h e  u s e  o f  t 
a p p e a r s  t o  p r o d u c e  ext r e m e l y  h i g h  o b s e r v e d  a v a l u e s .  F o r  
g a m m a d i s t r i b u t i o n s , l owe r v a l u e s  f o r  th e s h a p e  p a r a m ete r 
a c o r r e s p o n d  t o  m o r e  h i g h l y  s k e we d  d i s t r i b u t i o n s .  I n  
t e r m s  o f  f a l s e  s i g n a l s , n o n e  o f  t h e p r o c e d u r e s  b e h a v e  
p r e d i c t a b l y  wi t h  t h e e x t r e m e  d e v i a t i o n s  f r o m  n o r m a l i t y .  
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I E v e n  i n  t h e  a b s e n c e  o f  n o r m a l i t y , t a n d  t h a v e  a 
h i g h  p r o b a b i l i t y  o f  p r o v i d i n g a n  e s t i m a t e  o f  t h e  m e a n .  
A g a i n , t h e  r a p i d i t y  o f  t h e  e s t i m a t e  i s  a t  t h e  e x p e n s e  o f  
t h e  v a r i a b i l i t y  i n  t h a t  e s t i m a t e .  
C o n c l u s i o n s 
I n  a l l  c a s e s  s t u d i e d  t h e  n e w  p r o c e d u r e  o u t p e r f o r m e d  
t h e t r a d i t i o n a l  m e t h o d s  i n  t e r m s  o f  t h e  n u m b e r  o f  
i t e r a t i o n s  r e q u i r e d  t o  p r o d u c e  a n  e s t i m a t e  f o r  t h e m e a n  
a n d  i n  t e r m s  o f  t h e  p r o b a b i l i t y  t ha t  a n  e s t i m a t e  w o u l d  b e  
m a d e .  Th i s  r e s u l t  w a s  p a r t i a l l y  f o r c e d  o n  t h e p r o c e d u r e  
t h r o u g h  t h e  c h o i c e  o f  a n  " a c c e p t a n c e r e g i o n " f o r  t h e  n u l l  
h y p o t h e s i s . 
A s  a r e s u l t  o f  t h e  d e c r e a s e d  n u m b e r  o f  s a m p l e s  u s e d  
t o  p r o d u c e  t h e  e s t i m a t e , t h e  p r e c i s i o n  o f  t h a t  e s t i m a t e  
w a s  b r o u g h t  i n t o  q u e s t i o n .  A s s u m i n g  t h a t  a c c e p t a n c e  o f  
t h e n u l l  h y p o t h e s i s  m e a n s  e s t a b l i s h i n g a v a l u e f o r  t h e  
c e n t r a l  l i n e  f o r  c o n t i n u e d  m o n i t o r i n g , t h e  i n c r e a s e d  
v a r i a b i l i t y  i n  t h e  e s t i m a t e  i s  l i k e l y  t o  c a u s e  d i f f i c u l t y  
a f t e r t h e  i n i t i a l  p ha s e . Th i s  s u g g e s t s  t h a t  o t h e r  
c r i t e r i a  f o r  a c c e p t i n g  t h e  n u l l h y p o t h e s i s  s h o u l d  b e  
c o n s i d e r e d . 
C H A P T E R  6 
E X T E N S I ON S  O F  T H E  N EW P R OC E DU R E  
U s e s  O u t s i d e  o f  S P C  
A s  w e  h a v e  s e e n  i n  C h a p t e r  3 ,  m e a n s  t e s t i n g  a n d  
e s t i m a t i o n  a r e n o t  u n i q u e  t o  t h e  S PC f i e l d .  T r a d i t i o n a l  
t e s t s  ha v e  a s k e d  o n e  o f  t w o  q u e s t i o n s -- ! )  i s  t h e  
p o p u l a t i o n  m e a n  e q u a l  t o  s o m e  s p e c i f i e d  v a l u e , o r  2 )  a r e  
t h e p o p u l a t i o n  m e a n s  o f  s e v e r a l  p o p u l a t i o n s  e q u a l t o  e a c h  
o t h e r ? T h i s  n e w  p r o c e d u r e  a l l o w s  u s  t o  e x t e n d t h e l a s t  
q u e s t i o n .  N o w , w e  c a n  a s k , " A r e  t h e  p o p u l a t i o n  m e a n s  
e q u a l t o  e a c h  o t h e r ; a n d  i f  s o , w h a t  i s  t h e v a l u e  o f  t h a t  
m e a n ? "  
W h e n  e s t i m a t i o n  i s. t h e g o  a 1 , r a t  h e  r t h a n  t e s t i n g , t h e  
n e w  p r o c e d u r e  c a n  b e  u s e d  w i t h o u t  t h e t e s t  t o  a c c e p t  t h e  
a l t e r n a t i v e  h y p o t h e s i s .  T h i s  a p p r o a c h  c o u l d  b e  c o m p a r e d  
t o  t h e  s e q u e n t i a l  a n a l y s i s  m e t h o d s  o f  m ea n s  t e s t i n g  
s u g g e s t e d  b y  W a l d .  I m m e d i a t e  a p p l i c a t i o n s  o f  s u c h  a 
p r o c e d u r e  s h o u l d  b e  a v a i l a b l e  i n  t h e  m e d i c a l  f i e l d  a n d t h e  
c h e m i c a l  i n d u s t r y .  I n  b o t h  c a s e s ,  a f o r c e d  d e c i s i o n  b y  
t h e  t w e n t i e t h  s a m p l e  m a y  b e  t o o s t r i c t .  T h i s  i s  e a s i l y  
m o d i f i e d  b y  c h a n g i n g  t h e  c r i t i c a l  r e g i o n  f o r  t h e  t e s t .  
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Similar Proce dures for Estimating an d T e sting Dispersion 
In Chapter 2, several methods for testin g va riabi lity 
were sug g est e d. Some of these re commende d usin g 
e stimators oth e r  than s or s 2 sinc e t e sts on th e s e  
statistics ar e not robust to distributional assumptions. 
S e veral approaches base d on transformations of data and 
subsequent us e of ANOVA proce dures were su g g este d. 
Since the proce dure introduce d  here is simi lar to th e 
basic ANOVA proce dures for two groups, it se eme d 
re asonable to try it out on som e of the spr ead statistics. 
Att empts were made to extend the sequential estimation and 
testin g proce dure to O'Brien ' s  rij(w) (p. 2 8 ) , Levene's 
z ij = l xi j - xj l an d zij = l xi j - xj l wh e r e  xj is th e 
me dian of the jth group. In all cases, the atte mpt 
fail e d. Observe d a lev els we re up to four times has hi gh 
as the state d a lev els. Even with moderat e deviations 
from normality the test was un pre dictable. 
Possible Exte nsion of this R e search 
- --
The re are two areas of study that require more 
atte ntion be fore this proce dure coul d be su g g este d for 
g eneral use. First, the effect of chan ging the critical 
values for acceptin g the alternativ e or null hy pothesis 
ne e ds to be e xplore d. I have su g g este d that the 
variability in the estimate coul d be decrease d by 
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i n c l u d i n g  m o r e  s a m p l e s .  O f  c o u r s e ,  t h i s  g o e s  a g a i n s t  t h e  
d e s i r e  t o  o b t a i n  a " q u i c k "  e s t i m a t e .  O n e  a p p r o a c h  t h a t 
w o u l d  n o t  r u l e  o u t  a n  e a r l y  d e c i s i o n , w o u l d b e  t o  i n c r e a s e  
t h e  n u m b e r  o f  s a m p l e s  t h a t c o u l d  b e  t a k e n  b e f o r e  a 
d e c i s i o n  w o u l d  b e  r e q u i r e d .  A p r o c e d u r e  t h a t  a v e r a g e s  a 
d e c i s i o n  b y  t h e  t w e n t i e t h  s a m p l e  s h o u l d  p e r f o r m  c o m p a r a b l y  
w i t h  t r a d i t i o n a l  c h a r t s  i n  t e r m s  o f  v a r i a b i l i t y  i n  t h e  
e s t i m a t e .  A s e c o n d  p o s s i b i l i t y w o u l d  b e  t o  l e t  t h e  
c r i t e r i o n  f o r  a c c e p t i n g t h e  n u l l  h y p o t h e s i s  b e  d e t e r m i n e d  
b y  t h e  s a m p l e  s i z e  a n d  t h e  d e s i r e d  a c c u r a c y .  A n o t h e r  
a p p r o a c h  w o u l d  b e  t o  h o l d  t h e  p r o ba b i l i t y  o f  a c c e p t i n g  t h e  
n u l l  h y p o t h e s i s  c o n s t a n t  a t  e a c h  i t e r a t i o n  a n d  n o t f i x  a 
l i m i t  o n  w h e n  a d e c i s i o n  m u s t  b e  r e a c h e d .  T h e b e h a v i o r  o f  
t h i s  p r o c e d u r e  c o u l d  b e  s t u d i e d  t h r o u g h  a Ma r k o v  C h a i n  
a p p r o a c h . 
A s e c o n d  a r e a  t o  b e  s t u d i e d  c o n c e r n s  t h e  p o w e r  o f  t h e  
t e s t .  H o w  l o n g  d o e s  i t  t a k e t h i s  p r o c e d u r e  t o  r e c o g n i z e a 
s h i f t ?  T h e r e  a r e  s e v e r a l  d i f f i c u l t i e s  w i t h a s t u d y  o f  
t h i s  n a t u r e .  F i r s t , a p o w e r  s t u d y  c a n n o t  b e  v i e w e d  a s  
s i m p l y  t h e  d e v e l o p m e n t  o f  a n  O C  c u r v e - - w e  m u s t  n o w  t a l k 
a b o u t  a m u l t i d i m e n s i o n a l  f i g u r e .  A n y  m e a s u r e  o f  p o w e r  
w i 1 1  b e a f u n c t i o n o f t h e d e f i n i t i o n o f p o ,.., e r 
• 
I s p o w e r a 
m e a s u r e  o f  t h e  a b i l i t y  o f  t h e  p r o c e d u r e  t o  r e c o g n i z e a 
s h i f t  o n  t h e  f i r s t  s a m p l e  a f t e r  t h e  s h i f t  o c c u r s  o r  a t  
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s o m e  o t h e r  p o i n t  i n  t i m e ?  S e c o n d , s i n c e  t h e  s e q u e n t i a l  
p r o c e d u r e  p o o l s  i n f o r m a t i o n  w h e n  t h e  p r o c e s s  i s  n o t  
c l a s s i f i e d  a s  o u t  o f  c o n t r o l , t h e a b i l i t y  t o  r e c o g n i z e  
s h i f t s  o n  f u t u r e  s a m p l e s  i s  r e d u c e d .  N o t o n l y  i s  t h e  
n u m b e r  o f  s a m p l e s  t a k e n  s i n c e  t h e  s h i f t  i m p o r t a n t ,  b u t  t h e  
n u m b e r  o f  s a m p l e s  t a k e n  p r i o r  t o  t h e s h i f t  a l s o  a f f e c t s  
t h e  a b i l i t y  o f  t h e  p r o c e d u r e  t o  r e c o g n i z e  t h e s h i f t .  
N e x t ,  t h e  s i z e  o f  t h e s h i f t  w i l l  a f f e c t  t h e p o w e r  o f  t h e 
t e s t .  L a r g e r  s h i f t s  a r e  m o r e l i k e l y  t o  b e  r e c o g n i z e d .  
A n d f i n a l l y ,  w h a t  i s  m e a n t  b y  a s h i f t  m u s t b e  c o n s i d e r e d .  
A s h i f t  m a y  b e  a j u m p  f r o m  o n e  l e v e l  t o  a n o t h e r , i t  m a y  b e  
a s t e a d y  i n c r e a s e  o r  d e c r e a s e  i n  t h e m e a n ,  o r  i t  m a y  b e  a 
m e a n  t h a t  b e h a v e s  e r r a t i c a l l y .  
T h e  p o w e r  o f  t r a d i t i o n a l  c o n t r o l  c h a r t s  w i l l  a l s o b e  
a f f e c t e d b y  w h e n  t h e s h i f t  o c c u r s ,  h o w l a r g e  t h e s h i f t  i s , 
a n d  w h a t  i s  m e a n t  b y  a s h i f t .  S i n c e  t r a d i t i o n a l  c h a r t s  
a r e  n o t a t t e m p t e d  u n t i l  t h e  i n i t i a l  g r o u p  o f  s a m p l e s  i s  
c o l l e c t e d , t h e  a b i l i t y  t o  r e c o g n i z e  s h i f t s  i s  d i l u t e d  
b e c a u s e  t h e  i n f o r m a t i o n  c o l l e c t e d  f r o m  s a m p l e s  f r o m  n o r e  
t h a n  o n e  d i s t r i b u t i o n i s  i n c l u d e d  i n  t h e c a l c u l a t i o n  o f  
t h e  c o n t r o l  l i m i t s .  E v e n  i f  p o w e r s t u d i e s  c o u l d  b e  
c o n d u c t e d  a n d  i n t e r p r e t e d  f o r  e a c h  p r o c e d u r e ,  c o m p a r i s o n s  
w o u l d  b e  d i f f i c u l t .  
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C o n c l u s i o n s  
W i t h o u t  b e t t e r  r e l i a b i l i t y  ( l e s s  v a r i a b i l i t y  i n  t h e  
e s t i m a t e s  o f  t h e  m e a n) ,  I w o u l d  b e  s k e p t i c a l  a b o u t  u s i n g  
e s t i m a t e s  o b t a i n e d  b y  t h i s  m e t h o d  f o r  c o n t i n u e d  
m o n i t o r i n g .  B o t h  t a n d  t '  r e q u i r e  m o r e c o m p u t a t i o n t h a n  
t r a d i t i o n a l  c o n t r o l  c h a r t  p r o c e d u r e s  w i t h l i t t l e  be n e f i t . 
T h e  n e e d  f o r  b e t t e r  v a r i a n c e  t e s t i n g  m e t h o d s  ha s n o t  b e e n  
e l i m i n a t e d .  E v e n  t h o u g h  t h e n e w  p r o c e d u r e  o v e r c o m e s  t h e  
p r o b l e m  o f  m a k i n g  a n  e s t i m a t e  o f  t h e m e a n  w h e n  t h e 
v a r i a n c e  i s  o u t  o f  c o n t r o l , t h e a c c u r a c y  o f  t h e  e s t i m a t e  
o b t a i n e d  b y  t h i s n e w  p r o c e d u r e  i s  s t i l l  d e p e n d e n t  o n  t h e  
v a r i a n c e  o r  e x p e c t e d  v a l u e  o f  t h e v a r i a n c e  ( a s  a n y 
e s t i m a t e  b a s e d  o n  t h e s a m p l e  m e a n  w i l l  b e ).  
U n t i l  t h e  p o w e r  o f  t h e t e s t i s  s t u d i e d , I w o u l d  
r e c o m m e n d  t h e  n e w  p r o c e d u r e  b e  u s e d  o n l y  i n  t h e i n i t i a l  
p h a s e  o f  v a r i a n c e  t e s t i n g .  R e f e r r i n g  ba c k  t o  F i g u r e  2 
( p .  5) , t h i s  a p p r o a c h  w o u l d  a l l o w  t h e  u s e r  t o  d i s t i n g u i s h  
a � o n g  Ca s e s  1 ,  3 ,  a n d  4 .  I f  t h e n e w  m e t h o d  p r o v i d e d  a n  
e s t i m a t e  f o r  t h e  m e a n  a n d  t h e  v a r i a n c e  a p p e a r e d  t o  b e  i n  
c o n t r o l  a f t e r  t h e  i n i t i a l  p h a s e  o f  t e s t i n g ,  w e  w o u l d  
a s s u m e  t h a t  t h e  p r o p e r  c l a s s i f i c a t i o n  w o u l d  b e  C a s e  1 .  
S i n c e  t h e v a r i a b i l i t y  i n  t h e s a m p l e m e a n  i s  a f u n c t i o n  o f  
t h e  p o p u l a t i o n  v a r i a n c e , I w o u l d  s u g g e s t  t h a t  n e w  l i m i t s , 
i n c l u d i n g  t h e c e n t r a l l i n e , b e  s e t w h e n  t h e  v a r i a n c e  i s  
e s t i ma t e d . 
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I f  t h e  i n i t i a l  p h a s e  o f  t e s t i n g i n d i c a t e s  t h a t t h e  
v a r i a n c e  i s  o u t  o f  c o n t r o l ,  t h e  u s e r  c a n  u s e t h e n e w  
p r o c e d u r e  t o  d i s t i n g u i s h  b e t w e e n  Ca s e s  3 a n d  4 .  I n  e i t h e r 
c a s e  t h e  u s e r  w o u l d  b e  l o o k i n g  f o r  a s p e c i a l  c a u s e  o f  
v a r i a b i l i t y ,  b u t  t h e  s e a r c h  f o r  t h e  p o s s i b l e  c a u s e ( s )  c a n  
b e  s i m p l i f i e d  b y  k n o w i n g  i f  t h e t r o u b l e  i s  o n l y  i n  t h e  
p r o c e s s  v a r i a n c e  o r  i f  t h e  p r o b l e m  i s  a f f e c t i n g  b o t h  t h e 
m e a n  a n d  t h e  v a r i a n c e .  
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S t a t i s t i c a l  A s s o c i a t i o n , 6 9 ,  3 6 4 - 3 6 7 . ---
B r o w n , M . B .  a n d F o r s y t h e , A . B .  ( 1 9 7 4 b ) , "Th e S m a l l  S a m p l e  
B e h a v i o r o f  S o m e  S t a t i s t i c s  W h i c h  Te s t  t h e  E q u a l i t y  
o f  S e v e r a l  M e a n s , "  T e c h n o m e t r i c s ,  1 6 ,  1 2 9 - 1 3 2 .  
B u r r ,  I . W .  ( 1 9 6 7 ) ,  " T h e  E f f e c t  o f  N o n - N o r m a l i t y  o n  
C o n s t a n t s  f o r  X a n d  R .C h a r t s , " I n d u s t r i a l  Qua l i t y 
C o n t r o l , 2 3 ,  5 6 3 - 5 6 9 .  
----��-· ( 1 9 7 6 ) , S t a t i s t i c a l  Qu a l i ty C o n t r o l  M e t h o d s ,  N e w  
Y o r k : M a r c e l  D e k k e r , I n c .  
C o x  , D .  R 
• 
( 1 9 5 4 )  , "T h e  M e  a n  a n d  C o  e f f i c i e n  t o f V a r i a t i o n  
o f  R a n g e  i n  S m a l l  S a m p l e s  f r o m  N o n - N o r m a l  
P o p u l a t i o n s , "  B i o m e t r i k a , 4 1 ,  4 6 9 - 4 8 1 .  
Da n t z i g ,  G . B .  ( 1 9 4 0 ) , "O n  t h e  N o n - e x i s t e n c e  o f  T e s t s  o f  
" S t u d e n t ' s "  H y p o t h e s i s  H a v i n g  P o w e r  F u n c t i o n s  
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1 1 '  1 8 6 - 1 9 2 .  
--
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I n c . 
6 9  
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S t a t i s t i c a l  A s s o c i a t i o n , 7 0 ,  4 5 7 - 4 6 �  
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S p e c i f i e d  W i d t h  C o n f i d e n c e  I n t e r v a l , "  A n n a l s  o f  
M a t h e m a t i c a l  S t a t i s t i c s ,  2 9 , 2 8 2 - 2 8 7 .  
7 0  
H i l l i e r , F . S .  ( 1 9 6 7 ) , "S m a l l  S a m p l e  P r o b a b i l i t y  L i m i t s  f o r  
t h e  R a n g e  C h a r t , " J o u r n a l  o f  t h e A m e r i c a n  S t a t i s t i c a l  
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• ( 1 9 6 9 ) , "X a n d  R C h a r t  C o n t r o l  L i m i t s  Ba s e d  o n  a 
---�-S m a l l  N u m b e r  o f  S u b g r o u p s , "  J o u r n a l  .2.f Qua l i t y 
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Y o r k  : J o h n  \v i 1 e y a n  d S o  n s , I n c • 
K a n d e r , Z .  a n d  Z a c k s , S .  ( 1 9 6 6 ) , " T e s t  P r o c e d u r e s  f o r  
P o s s i b l e  C h a n g e s  i n  P a r a m e t e r s  o f  S t a t i s t i c a l  
D i s t r i b u t i o n s  O c c u r r i n g  a t  U n kn o w n  T i m e  Po i n t s , "  T h e  
A n n a l s  .2.f M a t h e m a t i c a l  S t a t i s t i c s , 3 7 ,  1 1 9 6 - 1 2 1 0 .---
K i n g ,  E . P .  ( 1 9 5 4 ) , " P r o b a b i l i t y  L i m i t s  f o r  t h e  A v e r a g e  
C h a r t  W h e n  P r o c e s s  S t a n d a r d s  A r e  U n s p e c i f i e d , "  
I n d u s t r i a l  Qu a l i ty C o n t r o l ,  1 0 ,  6 2 - 6 4 .  
K o h r , R . L .  a n d G a m e s ,  P . A .  ( 1 9 7 7 ) ,  " T e s t i n g  C o m p l e x a 
P r i o r i  C o n t r a s t s  o n  M e a n s  f r o m  I n d e p e n d e n t  S a m p l e s , "  
J o u r n a l  .2.f E d u c a t i o n a l  S t a t i s t i c s ,  2 ,  2 0 7 - 2 1 6 . 
La y a r d ,  \v . M . J .  ( 1 9 7 3 ) ,  "R o b u s t La r g e S a m p l e  T e s t s  f o r  
H o m o g e n e i t y  o f  V a r i a n c e s , "  J o u r n a l  .2.f t h e  A m e r i c a n  
S t a t i s t i c a l  A s s o c i a t i o n , 6 8 , 1 9 6 - 1 9 8 .  
L e v e n e ,  H .  ( 1 .9 6 0 ) , " R o b u s t T e s t s  f o r t h e  E q u a l i t y  o f  
V a r i a n c e s , " C o n t r i b u t i o n  !£ P r o ba b i l i ty a n d  
S t a t i s t i c s , P a l o  A l t o :  S t a n f o r d U n i v e r s i t y  P r e s s .  
Lo r d e n , G .  ( 1 9 7 1 ) ,  "P r o c e d u r e s  f o r  R e a c t i n g  t o  a Ch a n g e  i n  
D i s t r i b u t i o n , "  T h e  A n n a l s  o f  H a t h e m a t i c a l  S t a t i s t i c s , 
4 2 , 1 8 9 7 - 1 9 0 8 . -
L u c a s ,  J .  M .  ( 1 9 7 6 )  , "T h e  De s i g n  a n d  U s e  o f  V -M a s k  C o n  t r o 1 
S c h e m e s , " J o u r n a l  .2.f Qu a l i t y T e c h n o l o gy , 8 ,  1 - 1 2 .  
�f i l l e r ,  R . G .  ( 1 9 6 8 ) , "Ja c k k n i f i n g  V a r i a n c e s , "  T h e  A n n a l s  
o f  M a t h e m a t i c a l  S t a t i s t i c s , 3 9 ,  5 6 7 - 5 8 2 .  
N e l s o n , L . S .  ( 1 9 8 2 ) , "C o n t r o l  C h a r t s  f o r  I n d i v i d u a l  
M e a s u r e m e n t s , "  Jo u r n a l .2.f Qua l i ty T e c h n o l ogy , 1 4 , 
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O ' B r i e n , R . G .  ( 1 9 7 9 ) , " A  G e n e r a l  A NO V A  �1 e t h o d  f o r  R o b u s t 
T e s t s  o f  A d d i t i v e  M o d e l s  f o r  V a r i a n c e s , " J o u r n a l o f  
t h e  A m e r i c a n  S t a t i s t i c a l  A s s o c i a t i o n , 7 4 ,  8 7 7 - 8 8 0:-
---........-- · ( 1 9 8 1 ) ,  " A  S i m p l e  Te s t  f o r  V a r i a n c e  E f f e c t s  i n 
E x p e r i m e n t a l  D e s i g n s , "  P syc h o l ogi c a l  B u l l e t i n , 8 9 ,  
5 7 0 - 5 7 4 . 
P e a r s o n , E .  S .  ( 1 9 3 2 )  , "T h e  P e r c e n t a g e  L i m i t s  f o r  t h e 
D i s t r i b u t i o n  o f  R a n g e  i n  S a m p l e s  f r o m  a N o r m a l  
P o p u l a t i o n , "  B i o m e t r i k a ,  2 4 ,  4 0 4 - 4 1 7  • 
-----
• ( 1 9 5 0 ) , " S o m e  N o t e s  o n  t h e U s e  o f  R a n g e , "  
B i o m e t r i k a , 3 7 ,  8 8 - 9 2 .  
a n d A d y a n t h a y a , N • K • ( 1 9 2 8 ) , " T  h e D i s t r i b u t i o n 
o f  F r e q u e n c y  C o n s t a n t s  i n  S m a l l S a m p l e s  f r o m 
S y m m e t r i c a l  P o p u l a � i o n s , " B i o m e t r i k a ,  2 0 A , 3 5 6 - 3 6 0 .  
7 1  
Po l l a k , M .  ( 1 9 8 5 ) ,  "O p t i m a l  D e t e c t i o n  o f  a C h a n g e  
D i s t r i b u t i o n , "  T h e  A n n a l s .2.f S t a t i s t i c s ,  1 3 ,  
i n  
2 0 6 - 2 2 7 .  
R a h i m ,  H . A . ( 1 98 5 ) , "E c o n o m i c  M o d e l  o f  X- C h a r t  U n d e r  N o n ­
N o r m a l i t y a n d  M e a s u r e m e n t  E r r o r s , "  C o m pu t e r s  a n d  
Ope r a t i o n s  R e s e a r c h ,  1 2 ,  2 9 1 - 2 9 9 .  
S t e i n ,  C .  ( 1 9 4 5 ) , " A  T w o - S a m p l e  T e s t  F o r  a L i n e a r  
H y p o t h e s i s  W h o s e  P o w e r  i s  I n d e p e n d e n t  o f  t h e  
V a r i a n c e , "  A n n a l s  o f  M a t h e m a t i c a l  S t a t i s t i c s ,  1 6 ,  
2 4 3 - 2 5 8 . 
--
T i p p e t t ,  L . H . C .  ( 1 9 2 5 ) , "O n t h e E x t r e m e  I n d i v i d u a l s  a n d  
t h e R a n g e  o f  S a m p l e s  T a k e n  f r o m  a N o r m a l  P o p u l a t i o n , "  
B i o m e t r i k a , 1 7 ,  3 6 4 - 3 8 7 .  
W a l d , A .  ( 1 9 4 7 ) , S eq u e n t i a l  A n a l ys i s ,  N e w  Yo r k : J o h n  
\v i l e y  a n d S o n s ,  I n c .  
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J o u r n a l  o f  t h e  A m e r i c a n S t a t i s t i c a l  A s s o c i a t i o n ,  6 6 ,  
6 0 5 - 6 0 8 . 
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\v e i 1 e r , H • ( 1 9 5 4 ) , " A  N e w T y p e o f Co n t r o 1 C h a r t L i m i t s f o r 
M e a n s ,  R a n g e s , a n d  S e q u e n t i a l  R u n s , " J o u r n a l  .2.f. t h e  
A m e r i c a n  S t a t i s t i c a l  A s s o c i a t i o n , 4 9 , 2 9 8 - 3 1 4 . 
W e i s s , L .  ( 1 9 5 5 ) , " O n  C o n f i d e n c e  I n t e r v a l s  o f  G i v e n  L e n g t h  
o f  t h e M e a n  o f  a N o r m a l  D i s t r i b u t i o n  w i t h  U n k n o w n  
V a r i a n c e , "  A n n a l s  o f  M a t h e m a t i c a l  S t a t i s t i c s , 2 6 , 
3 4 8 - 3 5 2 . 
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1 0  
T A B L E  A - 1 
C O N LR O L  C H A R T  C O N S T A N T S  F O R  S A M P L E S  D R A WN F R OM 
N ORMA L PO PULA T I O N S  U S E D WHEN C O� P UT I N G T H R E E  
S I GMA C O N TR OL L I M I T S � 
A 2 A 3 c 4 d 2 B 3 B 4 D 3 
1 . 8 8 0  2 . 6 5 9 . 7 9 8  1 . 1 28 3 . 26 7  
1 . 0 23 1 . 9 5 4 . 8 86 1 . 6 9 3 2 . 5 6 8  
. 7 29 1 . 6 28 . 9 2 1  2 . 0 5 9  2 . 266 
. 5 7 7  1 . 4 27 . 94 0  2 . 3 26 2 . 0 8 9  
. 4 8 3  1 . 28 7  . 9 5 2  2 . 5 3 4  . 0 3 0  1 . 9 7 0  
. 4 1 9  1 . 1 8 2 . 9 5 9  2 . 7 0 4 . 1 1 8  1 . 8 8 2  . 0 76 
. 3 7 3  1 . 0 9 9  . 96 5  2 . 8 4 7  . 1 8 5  1 . 8 1 5  . 1 36 
. 3 3 7  1 . 0 3 2  . 96 9  2 . 9 7 0 . 2 3 9  1 . 76 1  . 1 8 4 
. 30 8  . 9 7 5  . 9 7 3  3 . 0 7 8  . 2 8 4  1 . 7 1 6 . 22 3 
* T a k e n  f r o m B u r r , I . W .  ( 1 9 76 ) , S t a t i s t i c a l  Qu a l i t y 
C o n t r o l  M e t h o d s , N e w  Y o r k :  M a r c e l  D e k k e r ,  I n c . 
7 4  
D 4 
3 . 26 7  
2 . 5 7 5 
2 . 28 2  
2 . 1 1 5 
2 . 0 0 4  
1 . 9 24  
1 . 86 4  
1 . 8 1 6 
1 . 7 7 7  
7 5  
T A BL E  A - 2  
E S T I M A T E S * F O R  T H E  P R O BA B I L I T Y  T H A T  T R A D I T I O N A L  C H A R T S  
F O R  V A R I A B I L I T Y  W I L L  S H OW N O  PO I NT S  OUT S I D E C O N T R O L  L I M I T S  
S a m p l e  S i z e  
D i s t r i b u t i o n  4 5 6 7 
N o r ma l  N ( 0 , 1 )  . 9 2 2  . 9 2 6  . 9 3 1  . 9 3 2  
. 9 2 9  . 9 3 6  . 9 4 2  . 9 4 6  
N o r ma l  1 < a < 1 . 2  . 9 1 4  . 9 1 1  . 9 2 0  . 9 2 0  
. 9 2 1  . 9 2 2  . 9 3 0  . 9 3 1  
N o r m a l 1 < a < 1 . 4 . 8 8 9  . 8 8 6  . 8 8 8  . 8 8 8  
. 8 9 6  . 8 9 2  . 8 9 9  . 8 9 5  
N o r ma l  1 < a < 2  . 7 8 8  . 7 7 3  . 7 5 5  . 7 4 2  
. 7 9 6  . 7 7 7  . 7 5 9  . 7 3 6  
N o r m a l  1 < a < 3 . 6 3 8  . 5 9 9  . 5 5 9  . 5 2 0  
. 6 3 7  . 5 9 6  . 5 4 5  . 5 0 2  
U n i f o r m ( 0 , 1 )  1 . 0 0 0  1 . 00 0  1 . 0 00  1 . 0 0 0  
1 . 0 0 0  1 . 0 0 0  1 . 0 0 0  1 . 0 0 0  
G a m m a  a = 1 . 3 6 4  . 3 3 1  . 3 1 5  . 2 9 4  
. 3 2 8  . 3 0 5  . 2 9 1  . 2 6 7  
G a m m a  a = 2 . 5 9 4  . 5 7 0  . 5 5 7  . 5 4 1  
. 5 5 7  . 5 3 5  . 5 2 7  . 5 1 8  
G am m a  a = 5 . 7 7 2  . 7 8 0  . 7 6 5  . 7 5 2  
. 7 5 2  . 7 6 4  . 7 6 3  . 7 5 3  
G a m m a  a = 8 . 8 2 5  . 8 3 5  . 8 3 1  . 8 2 4  
. 8 1 3  . 8 3 2  . 8 2 6  . 8 2 9  
G a m m a  a = 1 5  . 8 7 0  . 8 7 0  . 8 7 4  . 8 7 3  
. 8 6 5  . 8 7 5  . 8 7 8  . 8 7 8  
... 
� S t a n d a r d  e r r o r  o f  t h e e s t i m a t e  < . 0 0 5  
x . x x x  <f--- W h e n u s e d  w i t h  R Ch a r t  
o • o o o � \v h e n  u s e d  w i t h s C h a r t 
T A BL E  A - 3  
O B S E R VED S I N GLE  PO I N T a V A LU E S * WH E N  N OM I N A L  a = . 0 0 3  
n = 4 
t t '  
D i s t r i b u t i o n  X( R )  X ( s )  k = 2 k = 3  k = 4  k = 5 k = 2 k = 3  k = 4  k = 5  
N o r m a l N ( 0 , 1 )  . 00 3  . 0 0 3  . 0 0 3  . 00 3  . 00 3  . 00 3  . 00 2  . 00 3  . 0 0 7  . 00 7  
N o r m a l 1 < o < 1 . 2  . 00 3  . 0 0 3  . 00 3  . 00 4  . 00 2  . 00 3  . 00 2  . 0 0 3  . 00 5  . 00 8  
N o r m a l  1 < o < 1 . 4  . 00 4  . 0 0 4  . 0 0 4  . 0 0 4  . 00 3  . 00 3  . 00 2  . 00 3  . 00 5  . 00 8  
N o r m a l 1 < o < 2  . 00 5  . 00 5  . 00 3  . 0 0 4  . 00 5  . 00 4  . 00 2  . 0 0 3  . 00 6  . 00 7  
N o r m a l  1 < o < 3 . 00 8  . 0 0 8  . 00 3  . 00 6  . 00 7  . 00 7  . 00 2  . 00 3  . 00 5  . 00 6  
U n i f o r m  ( 0 , 1 )  . 0 0 1  . 00 1  . 00 5  . 0 0 3  . 00 2  . 00 2  . 0 0 5  . 00 9  . 0 1 4  . 0 1 9  
G a m m a  a = 1 . 0 09 . 00 8  . 00 2  . 0 2 0  . 0 2 0  . 0 1 6  . 00 1  . 00 3  . 00 5  . 0 1 4  
G a m m a  a = 2 . 0 0 7  . 00 6  . 00 3  . 0 1 1  . 00 8  . 00 9  . 00 2  . 00 4  . 00 7  . 0 1 0  
G a m m a  a = 5 . 0 0 5  . 00 5  I . 00 4  . 00 4  . 00 5  . 00 6  . 00 3  . 00 4  . 00 5  . 00 9  G a m m a  a = 8 . 00 4  . 0 0 4  . 00 3  . 00 4  . 0 0 5  . 00 5  . 00 1  . 00 4  . 0 0 6  . 00 9  i 
i 
i G a mm a  a = 1 5  . 00 4  . 0 0 4  ( . 00 3  . 00 3  . 0 0 4  . 0 0 3  . 0 0 2  . 0 0 4  . 0 0 6  . 00 6  I '-J 
Q'\ 
T A B L E  A - 3  ( c o n t i n u e d ) 
-- - -·-· 
D i s t r i b u t i o n  
N o r m a l N ( 0 , 1 )  
N o r m a l l < o < 1 . 2  
N o r ma l  1 < o < 1 . 4  
N o r m a l 1 < o < 2  
N o r m a l  1 < o < 3  
U n i f o r m  ( 0 , 1 )  
G a mm a  a = 1 
G a m m a  a = 2 
G a m m a  a = 5 
G a m m a  a = 8 
G a m m a  a = 1 5  
X( R )  
. 00 3  
. 00 3  
. 00 3  
. 00 5  
. 00 8  
. 00 2  
. 00 7  
. 00 6  
. oo 4  I 
. 00 4  
. 00 3  
X( s )  
. 00 3  
. 00 3  
. 00 3  
. 00 5  
. 00 8  
. 00 1  
. 0 0 6  
. 00 5  
. 00 4  
I . 00 4  I 
I . 00 3  
n = 5 
t 
k = 2  k = 3 k = 4  
. 00 3  . 00 3  . 0 0 2  
. 00 3  . 00 3  . 00 3  
. 00 2  . 00 3  . 00 4  
. 00 4  . 00 6  . 00 4  
. 00 5  . 00 8  . 00 7  
. 00 5  . 0 0 2  . 00 2  
. 00 1  . 0 2 2  . 0 2 1  
. 00 2  . 0 1 2  . 0 1 1 
. 00 2  . 00 7  . 0 0 6  
. 00 3  . 00 7  . 00 6  
. 00 3  . 00 4  . 00 5  
k = 5  k = 2 k = 3  
. 00 3  . 00 2  . 00 4  
. 00 3  . 00 3  . 00 4  
. 00 3  . 00 2  . 00 5  
. 00 6  . 00 2  . 0 0 4  
. 00 7  . 00 3  . 00 4  
. 00 1  . 0 0 4  . 00 8  
. 0 1 9  . 00 1  . 00 3  
. 00 9  . 00 2  . 00 4  
. 00 8  . 00 1  . 00 5  
. 00 5  . 00 2  . 00 4  
. 00 4  I . 00 2  . 00 3  
t '  
k = 4  
. 00 6  
. 00 5  
. 00 5  
. 00 5  
. 00 5  
. 0 1 2  
. 00 6  
. 00 7  
. 00 8  
. 00 5  
. 00 5  
k = 5  
. 00 7  
. 00 7  
. 00 6  
. 00 6  
. 00 5  
. 0 1 4  
. 0 1 4  
. 0 1 2  
. 00 8  
. 00 8  
. 00 8  
...._, 
...._, 
T A BL E  A - 3  ( c o n t i n u e d ) 




,__,_ ... _ .. ___ -- ----
D i s t r i �u t�l X ( R )  I I X ( s )  
N o r m a l  N ( 0 , 1 ) I . 00 3  I I  . 00 3  
N o r m a l 1 < o < I . 2  . 00 3  . 00 3  
N o r m a l  1 < o < I . 4  . 00 3  . 00 3  
N o r m a l 1 < o < 2 . 00 5  . 00 5  
N o r m a l  1 < o < 3  . 00 8  . 00 8  
U n i f o r m ( 0 , 1 ) . 00 2  . 0 0 1  
G a m m a  a = 1 . 00 7  . 00 5  
G a m m a  a = 2 . 00 5  . 00 5  
G a m m a  a 
= 5 . 0 04  . 0 0 4  
G a m m a  a = 8 . 0 0 3  . 0 0 3  
G a m ma o. = 1 5 I I  
• 0 0 3  I I  • 0 0 3  
I I  k = 2  
1 1  • o o 3  
. 00 3  
. 00 4  
. 00 3  
. 00 4  
. 0 0 5  
. 00 2  
. 00 2  
. 00 2  
. 00 3  
I I • 0 0 4  
n = 6 
k = 3 
. 00 2  
. 00 3  
. 00 3  
. 00 4  
. 00 7  
. 0 0 1  
. 0 2 4  
. 0 1 1  
. 00 6  
. 0 0 4  
. 00 3  
t 
------ --
k = 4  k = 5  I I  k = 2 
. 00 2  
• 
oo 3 I I  • 00 2 
. 00 3  . 00 4  . 00 2  
. 00 3  . 00 3  . 00 2  
. 00 4  . 00 6  . 00 3  
. 0 0 9  . 00 7  . 00 3  
. 00 1  . 0 0 1  . 0 0 4  
. 0 1 8  . 0 1 7  . 0 0 1  
. 0 1 0  . 0 1 0 . 00 1  
. 00 5  . 00 5  . 00 2  
. 00 6  . 00 5  . 00 3  
I I . 0 0 3  . 00 3  . 00 4  
k = 3  
. 00 3  
. 00 2  
. 00 2  
. 00 3  
. 00 3  
. 00 6  
. 00 2  
. 00 2  
. 00 3  
. 00 5  
. 00 4  
-�---- �-- - -- ----
t I 
k = 4  k = 5  
. 00 5  . 00 6  
. 0 0 5  . 00 7  
. 00 5  . 00 6  
. 0 0 5  . 00 6  
. 0 0 5  . 00 5  
. 0 1 0  . 0 1 1 
. 00 9  . 0 1 3  
. 00 7  . 0 1 4  
. 00 5  . 00 7  
. 0 0 6  . 00 7  
. 0 0 5  . 00 6  
........ 
00 
T A B L E  A - 3  ( c o n t i n u e d ) 
D i s t r i b u t i o n  
�-�-
�- � -
X( R )  X ( s )  
... .. .... ... ,..... . 
-. -.- .... -- --· - - ---- ·-- - -
n = 7 
t 
k = 2 k = 3  k = 4  k = 5  k = 2 
--·--- --
-----
· - - ---
--· --- - --�·- ·-· --·�- �- - -- -... ----- ------ .. 
N o r m a l  N ( O , l )  
N o r m a l  1 < o < 1 . 2  
N o r m a l 1 < o < 1 . 4  
N o r m a l l < o < 2  
N o r m a l  1 < o < 3  
U n i f o r m  ( 0 , 1 )  
G a m m a a = 1 
G a m m a  a = 2 
G a m m a  a = 5 
G a m m a  o. = 8 
G a m m a o. = 1 5 
. 0 0 3  . 0 0 3 . 00 3  
. 00 3  . 0 0 3  . 00 3  
. 00 3  . 0 0 3  . 0 0 4  
. 00 5  . 00 5  . 00 3  
. 00 8  . 00 8  . 00 3  
. 0 0 3  . 00 2  . 00 5  
. 00 6  . 00 5  . 00 2  
I 
! . 0 0 5  I I  . 0 0 4  I I  • 00 2 
I I I . 004 I . 00 4 I I  . 0 0 2  
I I  . 00 3  I . 00 3  I !  . 0 0 3  
� ' I  l !  . 00 3 i • 00 3 L • 00 3 
* 
S t a n d a r d  e r r o r o f  e s t i m a t e  < . 0 0 2  
. 0 0 3  . 00 3  
. 00 3  . 00 3  
. 00 3  . 00 3  
. 00 5  . 00 5  
. 0 0 8  . 00 8  
. 0 0 2  . 00 2  
. 0 2 0  . 0 1 7  
. 0 1 1  . 00 9  
. 00 7  . 0 0 7  
. 00 5  . 0 0 4  
. 00 5  . 00 4  
. 00 2  
. 00 4  
. 00 4  
. 00 6  
. 0 1 1  
. 0 0 2  
. 0 1 6  
. 00 7  
. 0 0 6  
. 00 5  
. 0 0 2  
. 00 2  
. 00 2  
. 00 2  
. 00 3  
. 00 2  
. 0 0 4  
1 • 0 0 1 
I I  . 0 0 2  
I I • o o  2 
I !  • 00 2 
1 1  • 00 3 
---- - - ... 
-· -
t '  
k = 3  k = 4  
. 0 0 3 . 0 0 3  
. 00 2  . 0 0 4  
. 00 3  . 00 4  
. 00 4  . 0 0 4  
. 00 4  . 0 0 4  
. 0 0 7  . 00 9  
. 00 3  . 00 8  
. 00 3  . 00 7  
. 00 3  . 00 6  
. 00 4  . 00 6  
. 00 3  . 0 0 5  
. ..  _ - ·  - .. .  
k = 5 
. 0 0 5  
. 00 5  
. 00 5  
. 00 4  
. 00 4  
. 0 0 9  
. 0 1 3  
. 00 9  
. 00 6  
. 00 7  
. 00 5  
........ 
\.0 
T A B L E  A - 4  
E S T I MA T E S * F O R  THE  P R O B A B I L I T Y  T H A T  T H E  M E A N  
W I LL B E  E S T I M A T E D  
n = 4 
T e s_!: i n g P r o c e d u r e  
D i s t r i b u t i o n  X( R ) X ( s )  t t '  
N o r ma l  N ( 0 , 1 )  . 8 6 9  . 8 7 6  . 9 8 2  . 9 8 1  
N o r ma l  1 < o< 1 . 2  . 8 5 8  . 8 6 5  . 9 8 1  . 9 7 6  
N o r ma l  1 < o< 1 . 4 . 8 2 7  . 8 3 4  . 9 7 3  . 9 7 6  
N o r m a l  1 < o< 2 . 7 0 9  . 7 1 4  . 9 4 8  . 9 6 9  
N o r ma l  1 < o< 3 . 5 4 0  . 5 3 9  . 9 5 8  . 9 5 8  
U n i f o r m  ( 0 , 1 ) . 9 7 6  . 9 8 0  . 9 8 9  . 9 8 9  
G a m ma (l = 1 . 3 0 7  . 2 8 1  . 9 2 5  . 9 2 4  
Ga mma <l = 2 . 5 2 0  . 4 9 0  . 9 5 2  . 9 5 0  
G a m m a  <l = 5 . 6 8 9  . 6 8 4  . 9 7 1  . 9 6 7  
G a mma  (l = 8 . 7 6 1  . 7 5 2  . 9 7 0  . 9 6 9  
G a m m a  <l = 1 5  . 8 1 0  . 80 7  . 9 7 1  . 9 7 4  
8 0  
T A B LE A - 4  ( c o n t i n u e d )  
D i s t r i b u t i o n  
N o r ma l N ( 0 , 1 )  
N o r m a l 1 < o < 1 . 2  
N o r ma l  1 < o< 1 . 4  
N o r ma l  1 < o< 2 
N o r ma l  1 < o < 3 
U n i f o r m ( 0'  1 )  
G a mma  a = 1 
G a mm a  a = 2 
G a mm a  a = 5 
G a m m a  a = 8 
G a mma  a = 1 5  
n = 5 
Te s t i n g  
X(R ) X ( s ) 
. 8 80  . 8 8 9  
. 8 6 2  . 87 3  
. 8 3 1  . 8 3 8  
. 6 9 5  . 6 97 
. 5 0 9  . 5 07 
. 9 6 8  . 977 
. 2 87 . 27 1  
. 5 1 0  . 4 8 3  
. 7 1 6  . 70 3  
. 776 . 77 5  
. 8 1 7  . 8 1 6  
8 1  
P r o c e d u r e  
t t ' 
. 97 6  . 979  
. 97 1  . 97 6  
. 97 5  . 97 1  
. 9 6 2  . 9 67 
. 9 5 0  . 9 5 1  
. 9 8 9  
.
• 9 9 2 
. 9 3 0  . 9 2 8  
. 9 5 1  . 9 5 4  
. 9 6 9  . 9 6 8  
. 97 2  . 9 6 8  
. 974 . 97 1  
8 2  
T A B L E  A - 4 ( c o n t i n u e d ) 
n = 6 
Te  s_t i n g  P r o c e d u r e  
D i s t r i b u t i o n  X( R )  X ( s )  t t; 
N o r m a l  N ( 0 , 1 )  . 8 8 6  . 8 9 5  . 9 7 9  . 9 7 9  
N o r ma l  1 < a < 1 . 2  . 8 7 1  . 8 8 3  . 9 7 9  . 9 7 6  
N o r ma l  1 < a< 1 . 4  . 8 3 3  . 8 4 4  . 9 7 2  . 9 7 0  
N o r ma l  1 < a< 2  . 6 7 8  . 6 8 3  . 9 6 1  . 9 6 5  
N o r m a l  1 < a< 3 . 4 7 9  . 4 6 1  . 9 4 8  . 9 4 6  
U n i f o r m ( 0 , 1 )  . 9 6 0  . 9 7 3  . 9 8 6  . 9 8 7  
G a mm a  a = 1 . 2 7 7  . 2 6 1  . 9 3 3  . 9 3 5  
G a mm a  a = 2 . 5 0 3  . 4 8 1  . 9 4 2  . 9 4 5  
G a m m a  a = 5 . 7 0 5  . 7 0 9  . 9 6 1  . 9 6 3  
G a mma  a = 8 . 7 7 6  . 7 7 3  . 9 6 5  . 9 6 4  
G a mm a  a = 1 5  . 8 2 3  . 8 2 8  . 9 7 1  . 9 7 2  
8 3  
T A B L E  A - 4  ( c o n t i n u e d )  
n = 7 
T e s_!: i n g  P r o c e d u r e  
D i s t r i b u t i o n  X(R) X ( s )  t t .. 
N o r ma l  N ( 0 , 1 )  . 8 8 4  . 8 9 9  . 9 8 1  . 9 7 0  
N o r ma l  1 < o < 1 . 2  . 8 6 7  . 8 8 3  . 9 7 7  . 9 7 7  
N o r ma l  1 < o< 1 . 4  . 8 3 3  . 8 4 2  . 9 7 4  . 9 8 0  
N o r ma l  1 < o < 2 . 6 6 9  . 6 6 5  . 9 6 3  . 9 6 6  
N o r ma l  1 < o < 3  . 4 4 4  . 4 2 9  . 9 3 4  . 9 4 7  
U n i f o r m ( 0 , 1 ) . 9 4 9  . 9 7 1  . 9 8 0  . 9 8 4  
G am m a  a. = 1 . 2 6 0  . 2 4 6  . 9 2 8  . 9 2 8  
G a mma a. = 2 . 4 9 1  . 4 7 7  . 9 5 6  . 9 5 2  
G a mm a  a. = 5 . 6 9 7  . 7 0 2  . 9 6 8  . 9 6 1  
G a mm a  a. = 8 . 7 6 9  . 7 7 9  . 9 7 2  . 9 7 6  
G amma a. = 1 5  . 8 2 5  . 8 3 3  . 9 6 9  . 9 7 2  
* S t a n d a r d  e r r o r  o f  t h e  e s t i m a t e  < . 0 0 5  
8 4  
T A BL E  A - 5 
S T A N D A R D I Z E D  E S T I M A T E S  FOR  THE  M E A N 
n = 4 
D i s t r i b u t i o n  X( R ) X( s ) t t '  
N o r m a l  N ( 0 , 1 )  . 0 0 0  . 0 0 1  - . 0 0 4  - . 0 0 1  
N o r m a l  1 < a< 1 . 2  . 0 0 0  . 0 0 1  . 0 0 3  - . 0 0 6  
N o r ma l 1 < a< 1 . 4  . 00 1  . 0 0 1  . 0 0 1  . 00 3  
N o r ma l  1 < a < 2 . 0 0 1  . 0 0 1  . 0 0 4  . 00 3  
N o r m a l  1 < a< 3 - . 0 0 1  . 0 0 0  - . 0 0 2  - . 0 0 1  
U n i f o r m  ( 0 , 1 ) . 0 0 3  . 0 0 3  . 00 7  . 0 0 3  
G am m a  a = 1 . 00 0  . 0 0 1  . 0 1 3  . 0 1 4  
G a mm a  a = 2 - . 0 0 1  . 0 0 0  . 00 9  . 0 1 0  
G a mma  a = 5 . 0 0 0  . 00 0  . 0 1 1 . 0 0 7  
G a mma  a = 8 . 00 1  . 0 0 1  . 00 3  . 0 0 1  
G a m m a  a = 1 5  . 0 0 0  - . 0 0 2  - . 0 0 3  - . 0 0 2  
8 5  
T A B L E  A - 5  ( c o n t i n u e d ) 
n = 5 
D i s t r i b u t i o n  X( R )  X( s )  t t /  
N o r m a l N ( 0 , 1 )  - . 0 0 2  - . 0 0 2  . 0 0 0  - . 0 0 2  
N o r ma l 1 < o< 1 . 2  - . 0 0 2  - . 0 0 2  - . 0 0 4  - . 0 0 7  
N o r m a l  1 < o< 1 . 4  - . 0 0 2  - . 0 0 1  - . 0 0 6  - . 0 0 6  
N o r ma l 1 < o < 2  - . 0 0 1  - . 0 0 2  - . 0 0 1  - . 0 0 4  
N o r m a l  1 < o < 3 - . 0 0 1  . 00 0  - . 0 0 7  - . 0 0 9  
U n i f o r m ( 0 , 1 )  . 0 0 0  . 0 0 0  - . 00 3  . 0 0 3  
G am ma Ct. = 1 - . 0 0 3  - . 0 0 4  . 0 2 7  . 0 2 5  
G a m m a  Ct. = 2 . 0 0 1  . 00 1  . 0 1 8  . 0 1 5  
G a mma  (l = 5 - . 0 0 1  - . 0 0 1  . 0 1 3  . 0 1 0  
G a m m a  Ct. = 8 . 0 0 0  . 0 0 0  . 0 0 7  . 0 0 9  
G a m m a  Ct. = 1 5  - . 0 0 1  . 0 0 2  . 0 0 9  . 0 1 6  
8 6  
T A BLE A - 5  ( c o n t i n u e d ) 
n = 6 
D i s t r i b u t i o n  X( R )  X( s )  t t '  
N o r m a l N ( 0 , 1 )  - . 00 1  - . 0 0 1  - . 0 0 5  - . 0 0 3  
N o r m a l  1 < o < 1 . 2  . 0 0 1  - . 0 0 1  . 0 0 2  - . 0 0 4  
N o r m a l  1 < o < 1 . 4  - . 0 0 1  - . 0 0 1  - . 0 0 2  - . 0 1 5  
N o r m a l  1 < o < 2  . 00 0  . 0 00  - . 0 03 . 0 0 3  
N o r ma l  1 < o < 3 - . 0 0 1  . 0 0 1  - . 0 0 2  - . 0 0 2  
Un i f o r m ( 0 , 1 )  . 0 0 0  - . 0 0 3  - . 0 0 7  - . 0 0 3  
G a m m a  a. = 1 . 0 0 0  . 0 0 0  . 0 2 5  . 0 2 7  
G a m ma a. = 2 . o o o  - . 0 0 3  . 0 1 9  . 0 1 5  
G a m m a  a. = 5 . 0 0 1  - . 0 0 1  . 0 1 7  . 0 1 3  
Ga mma a. = 8 . 0 0 1  - . 0 0 1  - . 0 0 1  - . 0 0 1  
G a m ma a. = 1 5  . 00 2  - . 0 0 1  . 0 0 4  . 0 0 7  
8 7  
T A B L E  A - 5  ( c o n t i n u e d )  
n = 7 
D i s t r i b u t i o n  X( R )  X( s ) . t t '  
N o r m a l N ( 0 , 1 )  . 0 0 0  - . 0 0 2  - . 0 0 1  - . 0 0 3  
N o r m a l 1 < o < 1 . 2  - . 0 0 1  - . 0 0 2  . 0 0 5  . 00 9  
N o r m a l 1 < o < 1 . 4  - . 0 0 2  - . 0 0 1  . 0 0 3  . 0 1 1  
N o r m a l 1 < o < 2 - . 0 0 1  - . 0 0 1  . 00 2  . 00 1  
N o r m a l  1 < o< 3 - . 0 0 2  - . 00 1  . 0 0 3  . 0 0 4  
U n i f o r m ( 0 ' 1 )  . 00 0  . 00 0  . 0 0 0  . 0 0 3  
G a mm a  <l = 1 - . 0 0 2  - . 0 0 3  . 0 2 4  . 0 2 6  
G a m m a  <l = 2 - . 0 0 1  - . 0 0 1  . 0 2 4  . 0 2 3  
G a m m a  <l = 5 . 0 0 0  - . 0 0 1  . 0 2 0 . 0 1 2  
G a m m a  <l = 8 . 0 0 0  - . 0 0 1  . 0 0 7  . 0 0 8  
G a m m a  a = 1 5  - . 0 0 2  - . 0 0 2  . 00 4  . 00 4  
8 8  
T A B L E  A - 6  
R A T I O  O F  T H E  O B S ER V E D  S T A N D A R D  E R R O R  TO  T H E  EX P E C T E D  
S T A N D A R D  DEV I A T I O N FO R TH E POPUL A T I O N  
n = 4 
D i s t r i b u t i o n  X ( R ) X( s )  t t l  
N o r ma l N ( 0 , 1 ) • 1 1 1  . 1 1 0 . 2 0 6  . 2 0 9  
N o r m a l  1 < o< 1 . 2  . 1 1 2  • 1 1 1  . 2 0 7  . 2 1 1  
N o r m a l  1 < o < 1 . 4  . 1 1 2  . 1 1 2  . 2 0 9  . 2 1 2  
N o r ma l 1 < o< 2 . 1 1 3  • 1 1 3 . 2 0 9  . 2 1 5  
N o r m a l  1 < o < 3  . 1 1 6  . 1 1 6  . 2 1 7  . 2 2 1  
U n i f o r m  ( 0 , 1 )  
• 
1 1 1  • 1 1 1  . 2 1 5  . 2 1 1  
G a mma  a = 1 • 1 1 1  . 1 1 2 . 2 1 7  . 2 2 1  
G a m ma a = 2 • 1 1 1 • 1 1 1  . 2 1 0  . 2 0 9  
Ga mma  a = 5 • 1 1 2  . 1 1 2  . 2 1 1  . 2 1 4  
G a mma a = 8 . 1 1 2  . 1 1 3  . 2 1 2  . 2 1 1  
G a mma  a = 1 5  . 1 1 2  • 1 1 1  . 2 0 6  . 2 0 6  
8 9  
T A B L E  A - 6  ( c o n t i n u e d ) 
n = 5 
D i s t r i b u t i o n  X(R) X( s )  t t '' 
N o r m a l  N ( 0 , 1 )  . 1 0 0  . 1 0 0  . 1 9 7  . 1 8 8  
N o r m a l 1 < a < 1 . 2  . 1 0 0  . 1 0 0  . 1 9 3  . 1 9 2  
N o r ma l  1 < o< 1 . 4  . 1 0 0  . 1 0 0  . 2 0 0  . 2 0 0  
N o r ma l  1 < a < 2 . 1 0 1  . 1 0 2  . 2 0 0  . 1 9 7  
N o r m a l 1 < a < 3 . 1 0 3  . 1 0 4  . 2 0 5  . 1 9 8  
U n i f o r m  ( 0 , 1 )  . 1 0 0  . 1 0 0  . 1 9 1  . 1 9 1  
G a mma a. = 1 . 1 0 0  . 1 0 0  . 2 0 4  . 2 0 2  
G a mma a = 2 . 1 0 0  . 1 00  . 2 0 2  . 2 0 2  
G a mma a. = 5 . 1 00  . 1 00  . 1 9 6  . 1 9 7  
G a mma a. = 8 . 0 9 9  . 0 9 9  . 1 8 8  . 1 9 6  
G a m ma a = 1 5  . 1 0 0  . 1 00  . 1 9 5  . 1 9 3  
9 0  
T A B L E  A - 6  ( c o n t i n u e d ) 
n = 6 
D i s t r i b u t i o n  X( R )  X( s )  t t ,.  
N o r m a l N ( 0 , 1 )  . 0 9 2  . 0 9 2  . 1 7 7  . 1 8 1  
N o r ma l  1 < o< 1 . 2  . 0 9 2  . 0 9 3  . 1 8 1  . 1 8 2  
N o r ma l  1 < o < 1 . 4  . 0 9 2  . 0 9 3  . 1 7 8  . 1 7 6 
N o r ma l  1 < o< 2 . 0 9 5  . 0 9 4  . 1 7 6  . 1 8 3  
N o r m a l 1 < o < 3  . 0 9 8  . 0 9 8  . 1 8 3  . 1 8 3  
Un i f o r m ( 0 , 1 )  . 09 0  . 09 0  . 1 8 0  . 1 8 0  
G a m m a  a = 1 . 0 9 2  . 0 9 2  . 1 9 0  . 1 8 6  
G a mma  a = 2 . 0 9 1  . 0 9 2  . 1 8 5  . 1 8 7  
G a mma  a = 5 . 0 9 1  . 0 9 0  . 1 8 0  . 1 8 0  
G a mma  a = 8 . 0 9 1  . 0 9 1  . 1 7 9  . 1 8 1  
G a mma a = 1 5  . 0 9 1  . 0 9 2  . 1 7 9  . 1 7 9  
9 1  
T A BL E  A - 6  ( c o n t i n u e d ) 
n = 7 
D i s t r i b u t i o n  X ( R )  X( s )  t t; 
N o r m a l  N ( 0 , 1 )  . 0 8 5  . 0 8 4  . 1 6 7  . 1 7 2  
N o r ma l 1 < o < 1 . 2  . 0 8 5  . 0 8 4  . 1 7 0  . 1 6 6  
N o r ma l  1 < o < 1 . 4  . 0 8 5  . 0 8 4  . 1 6 9  . 1 6 3  
N o r m a l  1 < o < 2 . 0 8 7  . 0 8 6  . 1 7 0  . 1 7 5  
N o r m a l  1 < o < 3  . 0 8 8  . 0 8 8  . 1 6 9  . 1 7 1  
Un i f o r m ( 0 , 1 )  . 08 3  . 0 8 3  . 1 6 6  . 1 6 6  
G a mm a  a = 1 . 0 8 5  . 0 8 6  . 1 6 7  . 1 6 5  
G a m m a  a = 2 . 0 8 6  . 0 8 5  . 1 6 6  . 1 6 6  
G a mm a  a = 5 . 0 8 5  . 0 8 4  . 1 7 0 . 1 7 0  
G a mm a  a = 8 . 0 8 3  . 0 8 3  . 1 6 4  . 1 6 4  
G a mma a = 1 5  . 0 8 5  . 08 5  . 1 6 6  . 1 6 8  
9 2  
T A B L E  A - 7  
M E D I A N  A N D  E X P E C T E D  N U M BER O F  I T E R A T I O N S  
T O  E S T I M AT E  T H E  M E A N  U S I N G  THE P R O P O S E D  PR O C E D U R E  
t 
S a m p l e  S i z e  
D i s t r i b u t i o n  4 5 6 7 
N o r ma l N ( 0 , 1 )  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 0 9 8  8 . 0 1 1  8 . 1 4 9  8 . 1 6 0 
N o r ma l 1 < o< 1 . 2  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 1 3 7  8 . 1 0 9 8 . 08 0  8 . 0 5 4  
N o r m a l  1 < o< 1 . 4  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 0 8 1  8 . 0 5 4  8 . 1 6 6 8 . 0 2 4  
N o r ma l 1 < o < 2  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 0 4 9  8 . 1 9 9 8 . 2 4 1. 8 . 1 1 1  
N o r ma l  1 < o< 3 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 1 4 2  7 . 9 6 3  8 . 1 8 2  8 . 2 2 1  
U n i f o r m  ( 0 , 1 )  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 0 3 7  7 . 8 5 5  8 . 1 2 6 8 . 2 5 3  
G a m m a  a. = 1 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 1 04 8 . 1 7 1 8 . 2 6 6  8 . 2 0 2  
G a m m a  a 2 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
7 . 8 4 0  8 . 0 4 4  8 . 2 2 7  8 . 0 9 1  
G amma  a. = 5 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
7 . 8 4 8  8 . 0 8 4  8 . 0 8 0  8 . 1 3 3 
G a mma a = 8 7 . 0 00 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 0 5 7  8 . 1 7 0 8 . 1 1 6  8 . 0 8 2  
G a m m a  a. = 1 5  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 1 9 4 8 . 0 1 2  8 . 04 5  8 . 1 7 7 
9 3  
T A B L E  A - 7  ( c o n t i n u e d ) 
t '  
S a m p l e  S i z e 
D i s t r i b u t i o n  4 5 6 7 
N o r ma l N ( 0 , 1 )  7 . 0 0 0  7 . 0 0 0  7 . 0 00  7 . 0 0 0  
8 . 0 9 1  8 . 1 3 2  8 . 1 2 0 8 . 0 2 8  
N o r m a l 1 < o < 1 . 2  7 . 0 0 0  7 . 0 00  7 . 0 0 0  7 . 0 00  
7 . 9 7 5  8 . 2 1 8  8 . 1 9 9  8 . 1 6 3 
N o r m a l 1 < o< 1 . 4  7 . 0 0 0  7 . 0 0 0  7 . 0 00  7 . 0 0 0  
8 . 0 7 3  8 . 0 7 6  8 . 1 2 2  8 . 0 2 3  
N o r m a l  1 < o< 2 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
7 . 9 7 8  8 . 1 1 6 8 . 2 3 6  7 . 9 2 2  
N o r ma l  1 < o < 3 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 0 2 3  8 . 2 4 8  8 . 2 2 9  8 . 2 5 1  
U n i f o r m  ( 0 ' 1 )  7 . 00 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 . 04 5  7 . 8 6 4  8 . 1 6 3  8 . 2 4 7  
G a mma  a = 1 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
8 .  1 0 9  8 . 2 2 8  8 . 2 2 4  8 . 1 3 3  
G a m m a  a = 2 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  
7 . 8 8 4  8 . 0 7 6  8 . 1 2 5  8 . 0 4 3  
G a m m a  ex = 5 7 . 0 0 0  7 . 0 0 0  7 . 0 0 0  7 . 0 00  
7 . 8 7 4  8 . 0 8 0  8 . 04 6  8 . 0 5 8  
G a mma  a. = 8 7 . 0 0 0  7 . 0 0 0  7 . 0 00  7 . 0 00  
8 . 0 1 8  8 . 0 5 2  8 . 1 7 9  8 . 1 2 7 
G a mma  ex = 1 5  7 . 0 0 0  7 . 0 0 0  7 . 0 00  7 . 0 0 0  
8 . 0 9 7  8 . 1 3 6 8 . 0 1 8  8 . 1 8 0 
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K i m  I n g r i d  M e l t o n  w a s  b o r n  i n  M a c o n , G e o r g i a  o n  A p r i l  
1 9 ,  1 9 5 6 .  S h e  a t t e n d e d  e l e m e n t a r y s c h o o l  i n  t h a t  c i t y  a n d  
w a s  g r a d u a t e d  f r o m  C e n t r a l  H i g h  S c h o o l  i n  J u n e  1 9 7 4 .  T h e  
f o l l o w i n g S e p t e m b e r  s h e  e n t e r e d  F l o r i d a S t a t e  U n i v e r s i t y , 
a n d  s h e r e c e i v e d  a n  A s s o c i a t e  o f  A r t s  d e g r e e i n  M a r c h  
1 9 7 6 .  I n  s p r i� g  o f  1 9 7 6  s h e e n t e i e d  T h e  U n i v e r s i t y  o f  
G e o r g i a .  I n  J u n e  1 9 7 8  s h e g r a d u a t e d  ( m a g n a c u m  l a u d e )  
w i t h  a B a c h e l o r  o f  S c i e n c e  i n  E d u c a t i o n  d e g r e e  w i t h a 
m a j o r i n  P a r k s  a n d  R e c r e a t i o n A d m i n i s t r a t i o n .  
A f t e r  t w o y e a r s a s  a f i e l d  d i r e c t o r  w i t h  T a n a s i  G i r l  
S c o u t  C o u n c i l ,  I n c .  i n  K n o x v i l l e , T e n n e s s e e , s h e e n t e r e d  
T h e  G r a d u a t e  S c h o o l  o f  T h e  U n i v e r s i t y  o f  T e n n e s s e e , 
K n o x v i l l e ,  i n  S e p t e m b e r  1 9 8 0 .  D u r i n g  h e r  g r a d u a t e  s t u d i e s  
w h e  w a s  e m p l o y e d  a s  a g r a d u a t e  t e a c h i n g  a s s i s t a n t  a n d  
l a t e r a s  a n  i n s t r u c t o r  i n  t h e  M a n a g e m e n t  S c i e n c e  P r o g r a m .  
S h e  w a s  a w a r d e d  t h e  M a s t e r  o f  S c i e n c e  d e g r e e  i n  M a n a g e m e n t  
S c i e n c e  i n  M a r c h  1 9 8 2 .  S h e r e c e i v e d  t h e D o c t o r  o f  
P h i l o s o p h y  d e g r e e  w i t h  a m a j o r  i n  M a n a g e m e n t  S c i e n c e  i n  
J u n e  1 9 8 6 .  
T h e  a u t h o r  i s  a m e m b e r  o f  P h i  K a p p a P h i , t h e  
O p e r a t i o n s  R e s e a r c h  S o c i e t y o f  A m e r i c a , t h e  A m e r i c a n  
S t a t i s t i c a l  A s s o c i a t i o n , t h e  De c i s i o n  S c i e n c e s  I n s t i t u t e ,  
9 4  
9 5  
a n d  t h e  A m e r i c a n C a m p i n g  A s s o c i a t i o n .  S h e  i s  c u r r e n t l y  
e m p l o y e d  i n  t h e  D e p a r t m e n t  o f  B u s i n e s s  A d m i n i s t r a t i o n  a n d  
M a n a g e m e n t ,  S c h o o l  o f  B u s i n e s s , V i r g i n i a  C o m m o n w e a l t h  
U n i v e r s i t y . 
